
Data Envelopment Analysis in the Presence  
of Partial Input-to-Output Impacts

Wade D. Cook * and Raha Imanirad
#�� 
���	#����
	��	$ �������	%��&	�����������	��������	'��
����	�
�
�


Abstract

��	������������	�������
����%&��
������	
�������������	��������	��	
������	
�������
���
��������������
�
���
making units (DMUs) in multiple input, multiple output situations. In the original formulation, and in the vast 
literature that followed, the assumption was that all members of the input bundle affected the output bundle. 
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resources (e.g., packaging labor) will not affect products that do not pass through that department. For this 
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fabrication plants using the methodology was the focus of the research.

1��!����[��%&�����	
���
���	�	����	��	�
����	�

4��	�

�����
����	����[�_<;

Journal of

CENTRUM

Cathedra

JCC

4� ��

	��	�������	�
�����
	6	2�
 ��	7�	*�� �	8�	89::	6	:J8<:I=

��	������������	�������
����%&������	�
�	��������/��_
�������_�����������\
������H=?@���
������	
����-
�����������
��������	
���	
������	
�������
���
��������������
�
������
�����
	���������
�������	
����
���	��
multiple output setting. In the original formulation, and in the vast literature that followed, the assumption 
was that all members of the input bundle affected the output bundle. However, in many settings measured for 
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resources only affect products that require painting or packaging. Similarly, in hospitals, certain staff may not 
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of steel fabrication plants in which the phenomenon of partial impacts of inputs on outputs is present. A brief 
�����
�	
������	
�����/������		
��������$�!�'
����#	����	
���
����	��	���	
������������	����������������	
-
odology, in the spirit of DEA, designed to address such partial interactions between inputs and outputs. The 
methodology is based on the view of a DMU as a business unit comprising a set of separate subunits, with the 
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of the paper follow.
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1. sheet steel products (ladders, guards, bumpers, and conveyors),
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3. pipes and cylinders (storm drains, plumbing products, etc.), and

4. cylindrical bearings (automotive and nonautomotive).

These four product groupings constituted the outputs for analysis purposes. For the inputs, plant resources 
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machines and tools, such as grinders and welders, were included in the lathes category.

In this setting, not all inputs affected all outputs. Table 1 shows the input-to-output connections. Pipes and 
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Outputs
Inputs Sheet steel Flat bar 2
�������
����� Cylindrical bearings
Labor X X X X
Shears X X
Presses X X
Lathes X X X
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in situations in which the usual assumptions do not hold, the conventional DEA models, such as the radial 
Charnes, Cooper, Rhodes (CCR) model, are not appropriate.

One approach to the problem is to view the DMU as a business unit consisting of a set of 1	subunits, within 
$
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������� each input bundle &	��H����1	will be represented 
by its own input-output bundle ),( kk RI , where each input in *& affects every output in R&. Given this, treating 
any business subunit as a DMU in the conventional sense and carrying out the standard DEA analysis (on that 
subunit across the various DMUs) would be appropriate.
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Thus, the DMU includes three subunits, ),(),,(),,( 332211 RIRIRI . A formal algorithm for generating these 
bundles is presented later in the paper.

Viewing the subunits independently of one another is necessary and involves assigning a portion� of 
���
�
���	�	�����
���/��
	����$

�
�
	�
�������/��!�7����#��������������
�����[, Input 1 (labor) is a member 
of each of the three subunits, so apportioning that input across the three subunits &���H��;����
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jk x11�  is required. Input 4, however, is a member of only two of the subunits, so splitting the total of that 
resource across only those two subunits is prudent. Figure 1 illustrates the splitting of resources across subunits 
according to which resources have membership.
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?�+ ��	:B	Resource splitting across business subunits.
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1. Derive an appropriate split ik�  of each input i to each bundle k of which it is a member.
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is reasonable, assuming that the DMU may be represented as the sum of its parts, meaning that there are no 
economies or diseconomies of scope. Where such economies or diseconomies of scope are present, the sug-
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While the weights kW  can be any set of values that represent the importance of the relevant subunits, it is 
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the set iL  denotes those subunits &	that have i as a member. These constraints specify that those �  values sum 
to unity for each �B	Finally, constraints (5) limit the sizes of the �  variables.

The current structure of model (1-6) is nonlinear. To convert the formulation to one that is more tractable, 
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The result of applying the model (9-14) to data, such as that in Table 1, is a split of the inputs across the 
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A discussion of the formation of these bundles is given in the following section.

Generating the Input-Output Bundles
In a multiple input-output setting, for each &	H	H����1, let *& and R& denote a set of inputs and outputs 
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However, there can be an input in i0 a given bundle *& 	
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one i in *& �������	�
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���*(�), the set of all inputs i�	
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�+�������. Add *(�) to S.

3. Compare each )(rI  in S with every other )( 'rI  in S, and identify all )( 'rI  that have the same elements 
as )(rI . If no such 'r  is evident, create bundle (*&	, R&	) using )(rI  and � so that (*&	, R&	����� )(rI , �). 
Remove )(rI  from S. Otherwise, group outputs � and all 'r  together to derive R& , and create bundle 
(*&	, R&	), using )(rI  and R& so that (*&	, R&	����� )(rI , R&). Remove )(rI  and all )( 'rI  from S.
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In the case of a difference between output sets R& and '
'kR , there must be at least one output �& such that �& 
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the input-output interaction in Table 1, model (9-14) was run to determine the ik� . The ranges (
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One might hypothesize that the various scores would be overly sensitive to the particular (
�	() ranges 
chosen. Thus, an alternative set of ranges was selected and the analysis repeated. The second analysis included 
two levels of ranges. For Input 1, split across all three input bundles, the (
�	() range was set at (.1,.6). For 
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In the conventional analysis, a minimal or zero weight is assigned to certain inputs and outputs, meaning 
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situations in which not all inputs affect all outputs. Such an incomplete input-to-output interaction occurs in 
many different environments, rendering the conventional DEA models inappropriate. The basis of the model is 
a separation of the DMU into subunits in each of which the full input-to-output interaction is present, making 
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that collectively represents the DMU is necessary to implement the methodology. The paper includes a statement 
of an algorithm for developing the bundles, as well as an application of the new methodology to the problem of 
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rently under investigation is that in which some of the inputs are nondiscretionary and nonseparable. Another 
research direction pertains to the application of assurance regions in an incomplete setting.
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Appendix A

Table A1
>
�
	��	89	�

���

OUTPUT INPUT

Sheet steel Flat bar 2
����
cylinders Bearings Labor Shears Presses Lathes

DMU Y1 �; Y3 Y4 X1 ¨; X3 X4
1 ?< 103 100 @< 30 5.0 5.0 15.0
; 60 H;j 90 90 40 4.0 4.0 H@!<
3 50 110 105 @j 35 j!; �!; 10.0
4 @< @< 110 90 �@ ?!< 4.6 @!j
5 56 40 60 55 ;@ 9.0 5.5 H;!j
6 40 95 H;< 110 �? �!; �!@ 14.0
? 100 H@< ;<< ;H< 31 6.0 4.1 11.0
@ ;j 55 H@< 160 35 5.0 5.0 15.0
9 65 150 H;j 145 ;j �!; �!@ 19.0

10 40 110 ?< 115 30 3.0 �!; ;H!<
11 ?< HH? H;; 115 ;j 4.0 4.0 H;!<
H; =; 135 @= 64 45 5.0 3.3 ;�!<
13 @@ �? j? 109 35 4.1 6.0 ;<!j
14 �@ �@ 146 99 �; 5.3 3.4 HH!;
15 ?= H;� ;;< H;; ;� ?!? 4.3 15.6
16 99 114 @= 49 19 5.3 �!; H;!�
H? =? 101 @@ 55 ;j @!< 3.0 @!@
H@ 55 55 H�; 116 �; 6.0 ;!@ �!@
19 @< =? H�; H�@ 33 ;!@ 3.9 13.4
;< =? �@ ;<= H;; ;? 3.3 4.3 ;H!�

'�/���&;
ik�  2

 ��

DMU
X1

3���H
X1

3���;
X1

3����
X;

3���H
X;

3���;
X3

3���H
X3

3���;
X4

3���;
X4

3����
1 0.6 0.3 0.1 0.4 0.6 0.6 0.4 0.5 0.5
; <!�;H�� <!�;H�� <!�j?;? 0.4 0.6 0.4 0.6 0.6 0.4
3 0.1 0.3 0.6 0.4 0.6 0.6 0.4 0.6 0.4
4 <!; <!; 0.6 0.6 0.4 0.6 0.4 0.4 0.6
5 0.6 0.1 0.3 0.5 0.5 0.6 0.4 0.6 0.4
6 <!�H@j� <!�H@j� <!��;@? 0.4 0.6 0.4 0.6 0.6 0.4
? 0.1 0.3 0.6 0.6 0.4 0.6 0.4 0.6 0.4
@ 0.1 0.3 0.6 0.5 0.5 0.5 0.5 0.4 0.6
9 0.1 0.6 0.3 0.4 0.6 0.4 0.6 0.5 0.5
10 0.1 0.6 0.3 0.4 0.6 0.4 0.6 0.6 0.4
11 <!;@<;? 0.6 <!HH=?� 0.4 0.6 0.5 0.5 0.5 0.5
H; <!;@<;? 0.6 <!HH=?� 0.4 0.6 0.5 0.5 0.5 0.5
13 0.6 0.1 0.3 0.6 0.4 0.6 0.4 0.5 0.5
14 0.1 0.3 0.6 0.5 0.5 0.6 0.4 0.4 0.6
15 0.1 0.3 0.6 0.5 0.5 0.4 0.6 0.4 0.6
16 0.3 0.6 0.1 0.6 0.4 0.6 0.4 0.6 0.4
H? 0.6 0.1 0.3 0.6 0.4 0.6 0.4 0.5 0.5
H@ <!;��j� 0.13646 0.6 0.5 0.5 0.6 0.4 0.4 0.6
19 0.33333 0.33333 0.33333 0.4 0.6 0.5 0.5 0.6 0.4
;< <!j=�;< 0.1 <!�<�@< 0.6 0.4 0.6 0.4 0.5 0.5
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Table A3
# ( ���	
��	'���


	���������	#�����

DMU
Aggregate score 
[Problem 3.3] Score K1 ]�����3; Score K3 Overall score

1 0.60666 <!j=@;= <!��H;j <!�j�?H <!j?H�;
; <!?��;� 0.61939 <!=;@?H 0.34035 <!�;=�@
3 0.61945 <!�?<<; <!?<H�� <!j�H@@ <!j??@�
4 <!�;?j� 0.65130 <!j?�=H <!�?H<= <!��;��
5 <!��?�; <!�<=;= <!;���= 0.31090 <!�;H;�
6 <!jj@=? <!�;H�= <!?<�<; <!�@?;� <!j�?��
? <!==@@< <!=;@@� 1.00000 1.00000 <!=?�;@
@ <!j�j;� <!;<=jj <!��?�? <!?�jj� <!��<@�
9 0.90440 <!j�<�@ 1.00000 <!@j��j <!@<�=@
10 <!?=��� <!j;j@= 1.00000 0.56169 <!�=j@�
11 <!@H;=j <!?�;jj <!=;@?< <!?H?�= <!?=�;H
H; <!=;Hj@ 1.00000 <!=�<=? <!;j?=; <!?;=��
13 <!j??=@ <!?�<HH 0.33541 <!�j�@� <!j<�?=
14 <!j?H�= <!j;<H; <!�jj�; <!?H<j= <!j�;<�
15 <!=<;?� <!�@;;� <!?==@? 1.00000 <!@;?�?
16 <!=jj;H 1.00000 1.00000 0.55353 <!@jHH@
H? <!@=��j 1.00000 <!?���= <!j�j@� <!??<@�
H@ <!?=�@� <!��@H< 0.49413 1.00000 <!?H�<@
19 <!=�=<@ <!=?H�@ 1.00000 <!?�=�� <!=<?HH
;< <!=<�j? 1.00000 0.60306 0.93133 <!@��@<

Table A4
#����������	"�

����g# ( ���	
��	'���


	���������	#�����

DMU
Aggregate score 
[Problem 3.3] Score K1 ]�����3; Score K3 Overall score

1 <!�H?;= <!j=@;= <!��H;� <!�j�?H <!j?H�;
; <!?@�?; 0.61945 <!=;@?� 0.34036 <!�;=j;
3 0.63151 <!�?<<; <!?<H�? <!j�H@@ <!j??@�
4 0.63694 0.65130 <!j?�=� <!�?H<= <!��;��
5 <!��=�; <!�<=;= <!;���= <!�H<@= <!�;H;�
6 <!j=;=� <!�;H�= <!?<�<� <!�@?;� <!j�?�j
? <!==@@< <!=;@@� 1.00000 1.00000 <!=?�;@
@ 0.55111 <!;<=jj <!��?�? <!?�jj� <!��<@;
9 <!=<��? <!j�<�@ 1.00000 <!@j��; <!@<j<�
10 <!@�@<= <!j;j@= 1.00000 <!j�H?� <!�=j@@
11 <!@�@jH <!?�;jj <!=;@?< <!?H?�= <!?=�;H
H; <!=;@�? 1.00000 <!=�<=? <!;j?=; <!?;=��
13 <!j=?j< <!?�<H< <!��j�; <!�j�@� <!j<�?=
14 <!�<H=@ <!j;<H; 0.45543 <!?H<j= <!j�;<j
15 <!@=@�= <!�@;;� <!?==@? 1.00000 <!@;?�?
16 <!=j@;� 1.00000 1.00000 0.55354 <!@jHH@
H? <!=HjH; 1.00000 <!?��?; <!j�j@� <!??<@j
H@ <!@���� <!��@H< 0.49414 1.00000 <!?H�<@
19 <!=?�;? <!=?H@; 1.00000 <!?�=�@ <!=<?H?
;< <!=Hj;= 1.00000 <!�<�<? 0.93133 <!@��@<
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Table A5
���������	#�����	h	����������

	>�"	����


DMU %���
����������
1 <!?HH<�
; <!=H?;=
3 <!�=��?
4 <!=;�;=
5 <!�@@=H
6 <!?;�@?
? 1.00000
@ <!@?<��
9 1.00000
10 1.00000
11 0.94440
H; 1.00000
13 <!?@�;j
14 <!@j�H@
15 1.00000
16 1.00000
H? 1.00000
H@ 1.00000
19 1.00000
;< 1.00000
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Appendix B

VBA Code for Generating Maximal Bundles
Module1
Option Base 1

Private Type ArrayUDT
 arrElements() As String
End Type
Public ArrayOfArrays() As ArrayUDT
Public NumberOfOutputs, OutputInt As Integer
Public InputArray() As String
Public OutputArray() As String
Public Impact As Boolean

‘It creates an array for each output to store all inputs affecting that output
‘It then compares each array with all other arrays
‘It stores all outputs with identical input arrays in the OutputBundle array
‘and displays the maximal bundle.

Sub main()
 
 Dim i, j, k, z, m, q, r, count As Integer
 Dim Matched As Boolean
 Dim OutputString As String
 Dim InputString As String
 Dim OutputBundle() As String
 
 Impact = False
 UserForm1.Show
 
 If NumberOfOutputs = 0 Then
    End
 End If
 
 ‘Creates an array of arrays whose size is equal to the number of outputs
 ReDim Preserve ArrayOfArrays(NumberOfOutputs)
 
 ‘Creates an array of size 1 for each element of ArrayOfArrays
 For count = 1 To UBound(ArrayOfArrays)
  ReDim Preserve ArrayOfArrays(count).arrElements(1)
 Next count
 
 UserForm2.Show
 UserForm3.Show
 
 ‘Checks whether any interactions were recorded
 If Impact = False Then
    End
 End If 
 
 ‘Compares every element of ArrayOfArrays with all other elements of
 �������������	
��

����
�

���
�
�����
 For i = 1 To UBound(ArrayOfArrays)
  k = i + 1
  j = 1
  z = 1
  Matched = False
  m = 0
  
  If ArrayOfArrays(i).arrElements(1) = “0” Then
   GoTo Break
  End If
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  ‘Creates the OutputBundle array that stores all outputs with identical input 
bundles
  ReDim Preserve OutputBundle(m + 1)
  m = m + 1
  OutputBundle(m) = OutputArray(i)
  
  ‘Compares each input array with all other input arrays until a match is found
  Do While k <= UBound(ArrayOfArrays)
   If UBound(ArrayOfArrays(k).arrElements) = UBound(ArrayOfArrays(i).
arrElements) And ArrayOfArrays(k).arrElements(1) <> “0” Then
    Do While z <= UBound(ArrayOfArrays(i).arrElements) And j <= 
UBound(ArrayOfArrays(k).arrElements)
     If ArrayOfArrays(i).arrElements(z) = ArrayOfArrays(k).arrElements(j) Then
      z = z + 1
      j = 1
      Matched = True
     Else
      j = j + 1
      Matched = False
     End If
    Loop
    If Matched = True Then
     ReDim Preserve OutputBundle(m + 1)
     m = m + 1
     OutputBundle(m) = OutputArray(k)
     ArrayOfArrays(k).arrElements(1) = “0”
    End If
   End If
   j = 1
   z = 1
   k = k + 1
  Loop
  
  ‘Stores the output bundle of the maximal bundle in OutputString
  OutputString = “(“
  For q = 1 To UBound(OutputBundle)
   OutputString = OutputString & “ “ & OutputBundle(q)
   
  Next q
  OutputString = OutputString & “)”
  
  ‘Stores the input bundle of the maximal bundle in InputString
  InputString = “(“
  For r = 1 To UBound(ArrayOfArrays(i).arrElements)
   InputString = InputString & “ “ & ArrayOfArrays(i).arrElements(r)
  Next r
  InputString = InputString + “)”
  
  ‘Displays the maximal bundle
  MsgBox “( “ & InputString & “ , “ & OutputString & “ )”
  Erase OutputBundle
  
  Break:     Next i
  
  Erase ArrayOfArrays  
End Sub



194 >
�
	����
�,����	"�

����	��	���	��������	��	�
���

	*�, �<��<' �, �	*�,
���

UserForm1
 Figure 2.1: UserForm 1

‘Prompts the user to enter the number of outputs
Private Sub OKButton_Click()
 
 If IsNumeric(TextBox1.Value) = False Or TextBox1.Value <= 0 Then
    MsgBox “Please enter a valid number.”
    GoTo Finish
 End If

 NumberOfOutputs = TextBox1.Value
 Unload Me
 
Finish: End Sub

UserForm2
 Figure 2.2 : UserForm 2
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Option Base 1
Private CountInput, CountOutput As Integer

‘Stores input data received by the user in InputArray

Private Sub InputButton_Click()
 CountInput = CountInput + 1
 ReDim Preserve InputArray(CountInput)
 InputArray(CountInput) = TextBox1.Value
End Sub

‘Stores output data received by the user in OutputArray
Private Sub OutputButton_Click()
 CountOutput = CountOutput + 1
 ReDim Preserve OutputArray(CountOutput)
 OutputArray(CountOutput) = TextBox1.Value
End Sub

‘Allows the user to clear the entered data
Private Sub ResetButton_Click()
 CountInput = 0
 CountOutput = 0
 Erase InputArray
 Erase OutputArray
 
End Sub

‘Unloads the UserForm
Private Sub OKButton_Click()
 If CountOutput <> NumberOfOutputs Then
    MsgBox “Incorrect Number of Outputs”
    GoTo Finish
 End If

Unload Me
Finish: End Sub

‘Initializes the UserForm
Private Sub UserForm_Initialize()
 CountInput = 0
 CountInput = 0
End Sub

UserForm3
Figure 2.3: UserForm 3
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Option Base 1

‘Locates the entered output in OutputArray
‘and stores the entered input in the proper input array

Private Sub ImpactButton_Click()
 
 Dim Output As String
 Dim i As Integer
 Dim Found As Boolean
 Dim ErrorFound As Boolean
 
Aw2Output = TextBox2.Value
Found = False
ValidInput = False
    
 ‘Checks whether the entered input is valid
For i = 1 To UBound (InputArray)
  If InputArray(i) = TextBox1.Value Then
   ValidInput = True
   Exit For
  End If

Next i
 
 
If ValidInput = False Then
  MsgBox “Please enter a valid input.”
  GoTo Finish
End If

 ‘Checks whether the entered output is valid
For i = 1 To UBound(OutputArray)
  If Output = OutputArray(i) Then
   OutputInt = i
   Found = True
   GoTo Fill
  End If
Next i
If Found = False Then
    MsgBox “Please enter a valid output.”
    GoTo Finish
  End If

Fill:
 Impact = True
 If UBound(ArrayOfArrays(OutputInt).arrElements) = 1 And 
ArrayOfArrays(OutputInt).arrElements(1) = “” Then
  ArrayOfArrays(OutputInt).arrElements(1) = TextBox1.Value
 Else
  ReDim Preserve ArrayOfArrays(OutputInt).arrElements(UBound(ArrayOfArrays(Outpu
tInt).arrElements) + 1)
  ArrayOfArrays(OutputInt).arrElements(UBound(ArrayOfArrays(OutputInt).
arrElements)) = TextBox1.Value
 End If
Finish: End Sub

‘Unloads the UserForm
Private Sub GenerateButton_Click()
 Unload Me
End Sub


