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Abstract

The introduction of a framework for optimal coalition formation using data envelopment analysis (DEA) 
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models and deriving optimal solutions. In particular, the paper shows the relevance of the proposed framework 
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We draw on the theory of the core, a topic often taught in connection with general equilibrium theory, to 
study coalition formation using data envelopment analysis (DEA) methods. In the theory of the core, there is 
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subset S.I, can improve upon its members if each member may increase his or her utility by being a member. 
The core then consists of the allocation of resources upon which no coalition can improve it.1

Decision-making units (DMUs) may enter a coalition with other DMUs to improve their performance 
��!�!��������������
�������������	
����������
�	����������������������!; Deviating from the standard theory 
of the core, one can formulate the agents (DMUs) by means of DEA or activity analysis models. Thus, data 
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can estimate the best condition(s) for coalition formation. Note that this paper does not address the allocation 
of gains among participants in a coalition.
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First Example

For the sake of convenience, a simple illustration will aid in introducing the topic of coalition formation 

and DEA. Consider three DMUs (&���H�;�������
���
�������
���	��)&	) to produce a single output (�&	). The 
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1 1
,k k

k k
x y

� �
	 	  are total input and output, 

respectively. Table 1 shows how the three DMUs make up the DEA technology.

Table 1
>��	*�, ��	
��	' �, ��

DMU 1 ����; DMU 3
Output �1 �; �3

Input )1 ); )3

Introducing intensity variables, one for each DMU, 0�kz (&���H�;���������$�������������	
���������%&�
�����	
�
	��������
�������!�"��	����������	��	���	�������������$�
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3 3

1 1
( ) :   ,   ,   0, 1, 2,3k k k k k

k k
P x y z y y z x x z k

� �

' (� � � � �) *
+ ,
	 	 .
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( ) ( ), 0.P x P x� � �� $
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�	�����& (&���H��;�����������������
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3 3

' '
1 1

( ) Max  :   ,   0,  1, 2,3 .k k k k k k k
k k

F x z y z x x z k
� �

' (� � � �) *
+ ,
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���	�� 12
1 2+x x x� . The output would be

3 3 3 3
1 2 1 2 1 2

12 1 2 1 2 12
1 1 1 1

( ) Max  :   ,   , ,   0,  0,  1, 2,3k k k k k k k k k k
k k k k

F x z y z y z x x z x x x x x z z k
� � � �

' (� � � � � � � � �) *
+ ,
	 	 	 	 .
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12 1 2( ) ( ) ( ).F x F x F x$ �

Alternatively, one could formulate a weaker condition for coalition formation in this case as 12 1 2( )F x y y$ � , 
where 1( )F x  and 2( )F x �����	
����#
������	��	����
�������������������	�/�
��������/��������������
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and 1y  and 2y  are the observed outputs.

]
�
��������������������������
	
����/�	$���������H��������/�	$���������;����������������������H��
;�������!���	���
�
���	
���/��	������
	
���$�����
�������������
�������	
����	����	
������������$�[

12( )F x  vs. 13( )F x  vs. 23( )F x  vs. 123( )F x .
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The General Case – Revenue Maximization

Let inputs Nx R�
 , outputs My R�
 , and assume there are &���H��!!!���1���������������!�'
������	��	�
returns to scale technology may be modeled via DEA or activity analysis as

1 1
( ) :   , 1,..., ,   ,  1,..., ,   0,  1,...,

K K

k km m k kn n k
k k

P x y z y y m M z x x n N z k K
� �

' (� � � � � � �) *
+ ,
	 	

where , &���H��!!!���1�����	
��
�	���
	�����
�/��������
���	
�������#���������	
���/�����	
�����)&��&), &���H��!!!���1. 
Think of )& as the initial endowment belonging to DMU &, and assume that some of the inputs may be real-
located among the DMUs, say inputs n���H��!!!����]. The rest are non-allocable and stay with their DMU. Note 
that one may have �]���N. Although here each DMU shares the same technology, generated by the data ()&��&), 
&���H��!!!���1, the DMUs’ output set may differ because they may have different initial endowments, )& (e.g., 
)& |	)�Z,	&	|	�Z).
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1 1 1
( , ) Max  :    ,  1,..., ,   ,  1,..., ,   0,  1,...,

M K K
k

m m k km m k kn n k
m k k

R x p p y z y y m M z x x n N z k K
� � �

' (� � � � � � �) *
+ ,
	 	 	 .

|���������	
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�������������& as the ratio of observed revenue '
'

1
( )

M
k

m k m
m

p y R y
�
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������������ '( , )kR x p , that is, ' '( ) / ( , )k kR y R x p .
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1 2

1 1
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M M

m m m m
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R p p y p y
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1. Each DMU has its own intensity variables, 1 2, , 1, ... ,k kz z k K� .
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4. One can compare the coalition’s revenue, (1, 2, )R p ��	��
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Evaluating the best coalition option for DMU 1 requires a comparison with all other DMUs, such as DMU 
3 through 1�������#��������H��;�������H��;���������������!�&�/��	�����
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need not be unique.

The General Case – Distance Functions Maximization
When data on output prices are not available, one could add directional distance functions. The functions 
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��	����	� ( )P x  be an 
output set, ( ) { : }P x y x can produce y� , and , 0Mg R g�
 � , a directional vector. The directional output dis-
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% &( , ; ) sup : ( ) ( )oD x y g y g P x/ /� � 

�

B

The directional distance function measures the distance, in the direction of from � to the boundary of the 
��	��	���	������
�����������
x�	
������]
��
�������H=?<����	��	��
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���

% &( , ) inf : ( / ) ( )oD x y y P x� �� 
 ,

where the relation between the distance functions, for +�� y , is given by

1( , ; ) 1.
( , )T

o

D x y y
D x y

� �
�
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One may estimate the directional output distance function using the DEA or activity analysis formulation 

of the output set ( )P x  as

' '( , , ) supk k
oD x y g /�
�

  

�B�B

k'm
1

, 1,..., ,
K

k km m
k

z y y g m M/
�

� ��	
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x , 1,..., , 
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k kn k n
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z x n N
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� �	
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1 2(1, 2; ) MaxoD g / /� �
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1 2 12 *
1 2+ = + , 1,..., .n n n nx x x x x n N� �
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���� (1, 2; )oD g
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, for the two individual DMU distance functions, 
1 1( , ; )oD x y g
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 and 2 2( , ; )oD x y g
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Second Example
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framework is useful in analyzing how companies may reach decisions to acquire potential partners. Because 
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strategic alliances (e.g., airlines) or acquiring other companies (e.g., the massive waves of mergers and acquisi-
tions activity in the late 1990s). A hypothetical case involving three banks will aid in investigating the issue 
further. Assume that the banks use two inputs, (personnel) and (capital), to produce a single output, (loans 
�����	
���
����	���	���������
���	�
��'�/���;!
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Bank A B C
� 1 1 1
)1 ; 1 ;
); 1 ; ;
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�!�"��	

��
case, allow both inputs to be reallocated. Before committing to a strategy, Bank A must assess the amount 
of redundant resources that will be a burden should it decide to team up with either Bank B or Bank C. The 
bank could use surplus resources to achieve economies of scale or alternatively cut costs by eliminating those 
�����������������3�������]
��
��;<<��!
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62�2��/����H[

1 2Max y y�

�B�B

1 1 1
1 2 3 1z z z y� � �  Bank A

1 1 1
1 2 3 112 2z z z x� � �

1 1 1
1 2 3 122 2z z z x� � �

1  0, 1, 2,3kz k� �

2 2 2
1 2 3 2z z z y� � �  Bank B

2 2 2
1 2 3 212 2z z z x� � �

2 2 2
1 2 3 222 2z z z x� � �

2  0, 1, 2,3kz k� �

11 21 12 223, 3x x x x� � � �
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1 3Max y y�

�B�B

1 1 1
1 2 3 1z z z y� � �  Bank A

1 1 1
1 2 3 112 2z z z x� � �

1 1 1
1 2 3 122 2z z z x� � �

1  0, 1, 2,3kz k� �

3 3 3
1 2 3 3z z z y� � �  Bank C

3 3 3
1 2 3 312 2z z z x� � �

3 3 3
1 2 3 322 2z z z x� � �

3  0, 1, 2,3kz k� �

11 31 12 324, 3x x x x� � � �

The results show that Bank A should form a partnership with Bank C, not with Bank B. In this case, the 
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earlier sections, but it illustrates the point.
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formulate and estimate optimal coalitions using DEA methods. At the center of such analyses may be cases 
involving strategic choices of companies (e.g., forming alliances or pursuing takeovers in the interest of boosting 
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tools to assist companies in making better deals. The proposed framework offers some insights into and tools 
for helping companies decide whether they should acquire potential partners.
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Footnotes
1 In essence, the core is a generalization of the idea of the Pareto set. If an allocation is in the core, every group of agents 
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