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essentially nonlinear programs with only bound constraints for variables in a sophisticated form. Hence, 
one can modify the conventional quasi-Newton method for unconstrained nonlinear programming problems 
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set of decision-making units (DMUs) that uses multiple inputs to produce multiple outputs. Due to the solid 
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As evident in its name, the basis of DEA is observed data. All data, in their original settings, are assumed to 
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to ordinal and qualitative. In the case of ordinal data, the data only have ordinal relationships, while qualita-
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considered as certainty cases.
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mean interval and ordinal data, with the associated method being ��,������	>�" (IDEA). Cooper et al. only 
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should also lie in ranges.
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intervals are a common method of representing unknown data.

"���������	
���	��
����������
���
�	��������	����������
�����
�
	�	
���
�����
���	���
	
���	
��������������
������
���������	
����
�	
��__\��������_
�������	���!��H=?@������	
��	��
�
��������
���������������	
����
�	
��:__�
�������:�������_
���������_�������H=@����$
�������
�������������
���	��
�
>������������	�
��������	
��!����
�������
����
����
����	
��	���	
������������
����������������	
����	
�����	
��__\�����
�����	��	
��:__�����
����!�
&�����

�����#������
��	

���������
�$��	
�	�	
���	��
�
	���$�����������	
������	
����	
�����__\�����
�����	��:__�
����
�����
�������
��	���$
���	
����	��
����
�	������������!�&�	$����������������
���	��
�
>���	���������	��
	
�����/����
������������	����	���
���	
��
�	����������������
����!�̀ �������	$����������������
����������������
�
�����	�	���������&���x������H===�!�{�$���������������#��
��	
���
��
��	���	
�	�	
��	$���������������������-
sentially nonlinear programs with only bound constraints for variables in a sophisticated form. Therefore, one can 
���
���	
���#
�	
�������
��	����������	
�������	
�����	
��������������	��
��������
������������������������	
��!

&��
�	�����	�	
������	
��	$����������������
���������	�
��	
��]	�����/����������]
�������_��x��H=?��!�
|��������������
�	�����	�	
���������	
������	
�����/���������������	
���	
����$�������������/���������
���
���
��
���	
��������������$���������	�
�������	
����!�6
�����~���_���������8
���;<<@�������	
��������������
�
	���
������	
������������
������������������������	
�����
��>�
�
/�
����$

���6
�����_���������8
���;<<@��
���������	
��������������
�	��������	
������
�������������
	
���
��	$�������������
���������	
������	���!�
Such ideas are inspiring to researchers in this area.
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Graphical Illustration
Let X�[ and %�[ denote the ith input, i ��H�����, and the �th output, �	��H�����, respectively, of the [th DMU, 
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where  � and �i are virtual multipliers, and � is a small non-Archimedean number imposed to avoid ignoring 
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?�+ ��	:B	Production frontiers constructed by the CCR and BCC models with one interval data %$.
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DMU Value Range Value Range Value Range

)*�+B�*�/
A 1 [1, 1] 1 [1, 1] 1 [1, 1]
B %$�= ¸?�=��@�=¹ %$�@ ¸?�@��H¹ @�= ¸@�=��@�=¹
C ;�� ¸;����;��¹ ��j ¸��j����j¹ j�� ¸j����j��¹
D ��j ¸��j����j¹ 1 [1, 1] ��j ¸��j����j¹

/�*�+B�*�;
A 1 [1, 1] 1 [1, 1] 1 [1, 1]
B %$�= ¸@�=��H¹ 1 [1, 1] %$�= ¸@�=��H¹
C ;�� ¸;����;��¹ H����BÆH;� ¸H��;H����j¹ (%$ÆH;��;� ¸j����?�@¹
D ��j ¸��j����j¹ 1 [1, 1] ��j ¸��j����j¹

;�*�+B�*�<=
A =�%$ ¸=�H<��H¹ 1 [1, 1] =�%$ ¸=�H<��H¹
B 1 [1, 1] 1 [1, 1] 1 [1, 1]
C ��%$ ¸��j��;��¹ H����BÆH;� ¸@�HH��H��;H¹ 3(%$ÆH;���@%$) ¸����<��?�@¹
D ?!;�%$ ¸H@�;j����j¹ 1 [1, 1] ?!;�%$ ¸H@�;j����j¹

Summary
A ¸=�H<��H¹ 1 ¸=�H<��H¹
B ¸?�=��H¹ ¸?�@��H¹ ¸@�=��H¹
C ¸��j��;��¹ ¸@�HH����j¹ ¸����<��?�@¹
D ¸H@�;j����j¹ 1 ¸H@�;j����j¹
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For DMU $ with an output value in the range of 9 and 10, the frontier constructed by the BCC model 
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Three observations are necessary. First, although only DMU $ has interval data, all four DMUs have dif-
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condition for this DMU is chosen, while in calculating the lower bound, the most unfavorable condition is used 
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one must set the output of $, %$, to the lower (upper) bound, and in calculating the upper (lower) bound of the 
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The Two-Level Programming Model
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values as degenerated interval values with only one value in the interval. Let [ L

ijX , U
ijX ], [ L

rjY , U
rjY ], and [ L

kE , U
kE ]  
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the lower bound L

kE  and upper bound U
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Consider two players, a supplier and producer, labeled & in a set of n producers. The supplier determines 
the amount of resources X�[ and %�[ allocated to the n producers. Based on the resources acquired, producer & 
applies the most appropriate technology, through the technology parameters  � and �i, to convert the resources 
into a product called ���������.
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knows the strategy of the leader and considers this in determining his or her own strategy. In addition, the leader 
fully understands the reactions of the follower and can optimize his or her own choice of strategy. In the current 
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all n producers, while in the second-level, or inner, program, producer & selects the most appropriate technol-
ogy for production.
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kE  as a cooperative game. Knowing 
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After calculating the lower bound L
kE  and the upper bound U

kE  from Equations 4 and 5, respectively, one 
�/	�
���	
��
�	���������	
������
��������̧ L

kE , U
kE ¹!�"��	
��������	�
��	��
�
��������
��������������	
���������������

������������%>��	
����������j�$
	
�	
��:__��������%>��	
���;�!�]
�
�������
��	
��������	�
������������
������
replace the inner program with Equation 3.

Solution Methods
Equations 4 and 5 are special cases of the two-level programming model of the following form (Bialas & 

3��$����H=@��[�

Max
x

 �(!, 	)  where 	 solves

Max
y

 +(!, 	)  s.t. (!, 	)
#
(6)

where # denotes the feasible region. In the current case, � and + are the same. When the product is overall ef-
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Several authors have proposed methods for solving linear two-level programs (e.g., see the review of Vicente 
& Calamai, 1994). However, due to the special structure of Equations 4 and 5, easier solution methods can 
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where CCR
kE  and BCC

kE ������������
��%>��	
����H�����;��������	
����!�����	���(X, 0���� CCR
kE (X, 0��� BCC

kE (X, 0). 
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�������	
���� is unknown, one can calculate its value once a set of (X, 0) values 
is evident. Therefore, a numerical method for unconstrained nonlinear programming problems can be devised. 

Conceptually, one starts with a trial feasible point ( )0(X , )0(Y ��������#�������	
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search direction in the feasible region to reach a new point ( )1(X , )1(Y ). From this new point, generate an-
other search direction and subsequent line search in the feasible region to reach another point ( )2(X , )2(Y ). 
Repeat the process until the search direction has a length close to zero. To accelerate the convergence, one 
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the line search, the update of the quasi-Newton formula must start anew.

%>��	
����?�����@�������	������	
���������#���	�	
�	����������
�������	
���
�
��������	
���	
�������	
��
��#
���!�:�������	
�����/����
���
�
����	�����������	��
��������
�����������������
���	
����	
��������-
	
���
��>�
	������!�|���������������������	��	
��
�	����������	
��������������	��
�
��������
���
�����
���	

��
����
�������������
�������	
�����	
����/�	�
	�
����	��������
��	����	
���#
�	
�����	
���!

Examples
'
�����	
���
��������	$���#�������	��
����	��	��
�$�	������	
����	
�������������
��	

��������	���������	��

	
��
�	����������������
�����$
���������/�����	
����
����
�	������������!�&��
�����
������	
���
����	��
�	
���
���	
������	
�����/	�
������������
���	
���#������!�'
�����	��#������
��
���	
�	
���������	
���������
����
real case.
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DMU Input Output |�����������
���� '��
�
��������
���� ]���������
����
A ¸=��H;¹ 4 ¸<!�;j<��H¹ [1, 1] ¸<!�;j<��H¹
B 30 ¸H;��H�¹ ¸<!@H@;��H¹ ¸<!@;?���H¹ ¸<!=�;H��H¹
C 40 11 ¸<!jHj���<!�@?j¹ ¸<!jj<<��<!=H�?¹ ¸<!�?j<��<!===�¹
D [45, 55] ¸H;��;;¹ [0.4091, 1] ¸<!?�=@��H¹ [0.4909, 1]
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The situation is even more complicated for DMU C!�'
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[45, 55], %
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Table 3
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Plant Installed capacity 
(X1, kMW)

Employees 
(X;, people)

Production cost 
(X3��°H<6 NT)

Energy generation 
(%, billion kWh)

A ;<<< ¸�H����?H¹ ¸HHH�?��H��;�¹ ¸H<@�H��H;@��¹
B ¸?@j��H<@j¹ [360, 411] ¸��;;���H��¹ ¸�H;�����<=¹
C 400 ¸;�<���<�¹ ¸;�<���;=<�¹ ¸H�;?��;?H@¹
D ¸;�@<����@<¹ ¸�<H��?@;¹ ¸@j;j��H=;��¹ ¸Hj�;j����<�<¹
E ¸;H<<����;j¹ ¸�;@���=�¹ ¸@??j��H<?�j¹ ¸H;@<?��H���=¹
F ;j?; [546, 616] ¸H;<�@��H�;=�¹ ¸H<j@;��H��@�¹
G ¸H�Hj��H�;@¹ ¸�?@��j�;¹ ¸j@@@��=<@�¹ ¸j;@���?�;H¹
H ¸�=��?�¹ ¸H;���H��¹ ¸�@���@�;¹ ¸H?@��;�@¹

By using the methods developed in this paper, one can calculate the interval, overall, technical, and scale 
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Table 4
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Plant |�����������
���� '��
�
��������
���� Lower bound 
correspondence ]���������
����

A [0.4195, 1] [0.4506, 1] <!�H@<�<!?j�; ¸<!@;<j��H¹
B ¸<!;H�;��H¹ ¸<!;H=?��H¹ <!j?<��<!�=�@ ¸<!@H@���H¹
C [0.3054, 1] ¸<!�;�<��H¹ <!�<??�<!��=� ¸<!@�@=��H¹
D ¸<!�?�j��H¹ [1, 1] <!�?�j�H ¸<!�?�j��H¹
E ¸<!��j?��H¹ ¸<!�@?���H¹ <!?�@j�<!@�=� ¸<!@�=;��H¹
F ¸<!�H;j��H¹ ¸<!�;<���H¹ <!j;H��<!j?;< ¸<!=HH@��H¹
G ¸<!;�����H¹ ¸<!;�j;��H¹ <!�H=j�<!��?H ¸<!@?<���H¹
H ¸<!H@<���<!=��;¹ [1, 1] <!H@<��H ¸<!H@<���<!=��;¹
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Of the eight power plants, > and -�
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cies. However, one cannot obtain the lower bounds in such a straightforward manner. See Table 4 (column 4) 
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������������	
��������������	��
�
��������
���
�������������
���	��	
����$���/���������	
������������
��-
cies. All of them are interior points of the corresponding intervals.
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upper bound value of 1, the one with narrower intervals should be ranked higher. Therefore, the ranks are ", E, 
C, F, G, and $, in sequence. 
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problem, which, according to Amouzegar (1999), is a large-scale problem. However, using the method presented 
in this paper makes the solution easy to obtain.
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in DEA for cases where observations are interval values. The basic idea is to use the least and most favorable 
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conceptually the product of the latter two.
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knows the distributions of the data in addition to the intervals.
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