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Abstract

Geometric phases and weak values (WVs) are two fundamental concepts that were originally
introduced in the realm of quantum mechanics. In the course of time, it became clear that the two
concepts apply in both the quantum domain and the classical domain. Moreover, the two concepts
proved to be intimately connected with one another, as disclosed by Sjoqvist some years ago
(Sjoqvist 2006 Phys. Lett. A 359 187). WVs were so named in reference to very weak couplings
between a system’s observable, e.g. light polarization, and its measuring device, the ‘pointer’.
However, the actual definition of WVs does not involve the system-pointer coupling strength. We
have addressed the strong coupling regime both theoretically and experimentally, thereby
obtaining geometric phases out of WVs. We report experimental results as a proof-of-concept,
using classical light beams and single-shot images. Our approach applies without essential
modifications also to single photons.

1. Introduction

Quantum weak values (WVs) [1] and Berry’s geometric phase [2] share a rather curious feature. Despite
having been introduced as quantum properties, their first experimental realizations were done using classical
light [3, 4]. Cases like these illustrate how some properties, which are often claimed to be genuine quantum
features, are in fact common to both quantal and classical phenomena. Coherent superposition and
entanglement are further examples [5—14]. In contrast to geometric phases, WVs prompted much debate
about their meaning [15-20]; but, nevertheless, they soon found multiple applications [21-31]. Among these
applications, there is one that connects WVs and geometric phases. It was proposed by Sjoqvist [32] as a
non-standard technique for measuring geometric phases. Standard techniques are based on interferometry
and polarimetry [34, 35]. They need phase calibration, which is not required in Sjéqvist’s proposal. However,
the latter requires the accurate measurement of small shifts caused by weakly coupling the observable of
interest with position and momentum of the measuring device, something that might be experimentally
even more demanding than phase calibration. It is perhaps for this reason that Sjoqvist’s proposal has not
been put in practice yet, to the best of our knowledge.

Here we present an alternative approach for measuring geometric phases using WVs. As compared to
Sjoqvist’s proposal, our approach has at least two advantages: It requires the registration of two positions
only, and it is not restricted to weak measurements. We recall that WVs were originally introduced in the
context of von Neumann’s model of the measurement procedure. Central to this model is a Hamiltonian that
describes the joint evolution of a system’s observable, A, and a pointer. The WV of A is defined [1] as the
following, generally complex number:

, (f1Al7)
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Here, |i) is a pre-selected state and |f) is a post-selected state. These states can be conveniently chosen, in
connection with the envisioned task. The joined evolution of system and pointer is ruled by the Hamiltonian
H = gA ® P that acts on the tensor-product space of system and pointer, Hs ® Hp, whereby A acts on s and
P acts on Hp, while g is a coupling constant.

In the particular case in which A is a projector, the geometric phase shows up in A,,. This occurs as
follows. Given two non-orthogonal vectors |A) and |B), Pancharatnam’s relative phase ¢ 45 is defined by

oa_ (BIA)

(BlA)] @)

We recall that Pancharatnam’s phase is nontransitive: if |A) is in phase with |B), and |B) is in phase with |C),
i.e. pap = 0 = @pc, it can occur that ¢4c # 0. In such a case, Pancharatnam’s phase equals the geometric
phase, which in this case can be defined as

By = A (A, B,C) = arg(A|C)(C|B) (B|A). (3)

The geometric phase ®, is thus given as the argument of a so-called Bargmann invariant [36], a quantity that
is invariant under independent phase changes of the vectors which enter it. Consider now the projector

I = |B)(B|. Taking |A) as pre-selected state and |C) as post-selected state, the WV of Il is given, according
o (1), by

e (CTLIA) _ (ClB)(BlA)
A G R TV “

Multiplication and division of the above equation by (A|C) leads to
argIly (A,C) = A(A,B,C). (5)

The above equation establishes a connection between WVs and geometric phases [32]. Generally, consider a
state given by a normalized vector |1/ (s)), which evolves along a path C, with initial and final points at s = s;
and s = s, respectively. The geometric phase for C is defined by [37]

B (€)= axglur ()4 (5)) +1 | (0 (91510 () ©

—argli ()10 (5)) ~1m | "0 (5) o (9))ds = Bp — By, )

where ®p is Pancharatnam’s relative phase between the initial and final states, and ®gy;, is the so-called
dynamical phase. We notice that ®, is defined modulo 27 and is invariant under parameter transformations
s — s'(s) as well as under local phase transformations: |1)(s)) — [(s)) = e*()|4)(s)). One can use this
invariance to get @4y, = 0, in which case ®,(C) = ®p, and one can then measure ®p by interferometry.

The curve C traced out by |)(s)) is, by definition [37], a geodesic, whenever

co)- [ "L ()19 (9) ds ®)

attains an extremal value along C. In equation (8), the vector |t | (s)) is the component of [¢)(s)) which is
orthogonal to C, i.e. [t (s)) = [)(s)) — [1(5)) (1) (s) |t} (s)). One can prove that, if C is a geodesic, then
®,(C) = 0 [37]. Let us next take 7 states |¢/;), k = 1,...,n, so that any two neighboring states are
nonorthogonal. Consider the curve C, formed by n — 1 geodesic arcs joining the # states. The geometric
phase is given by

n—1
By (C) = Tp (C) — Dayn (C) = arg(t[thy) — > @G, (9)
k=1

where @g;’fﬂ) is the dynamical phase for the geodesic joining |tx) with |11 ). From equation (9), it readily
follows [37] that

n—1

By (C) = —arg(tn 1) (Wals) . (Whulthr) = =D A (1,1, Yy - (10)

k=2
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The geometric phase defined by equation (5) can also be seen as arising from joining the three involved
vectors by geodesic arcs. This is referred to as a geodesic triangle. Equations (10) and (5) show that

arglly (11,%r+1) s a basic building block of geometric phases. Thus, the phases of the (generally complex)
WVs are intimately connected with a geometric phase. We can indeed rewrite ®,(C) in equation (10) as the
argument of a product of WVs, all of which involve one and the same pre-selected state |1); ), a projector
|tx) (¢k| and a post-selected state [thgy1):

@y (C) = —arg {TLy, (v, ) TI, (w1, 00) . T, (V1,000) } (1)

It should be clear that all the above definitions and derivations hold for any linear vector space,
irrespective of the physical interpretation that is given to the vectors themselves. They may represent quantal
or classical states. They may also represent vectorial properties that are neither quantal nor classical, because
they can be assigned to both quantal carriers and classical carriers. This is the case when one deals with
degrees of freedom such as polarization, optical path and transversal amplitude, which may be assigned to
both classical light beams and single photons. In this work, we focus on degrees of freedom of this type.

2. Measurement of the geometric phase via WVs

To explain the basic idea of measuring geometric phases using WVs, let us consider the setup shown in
figure 1. It allows us to deal with the aforementioned degrees of freedom: transversal amplitude, polarization
(spin) and optical path. The corresponding tensor-product space is denoted by H, ® H; ® H,. In our setup,
we have access to those three subspaces: the transversal amplitude space H;, whose members are transversal
functions 1) (x, y) that describe the beam’s profile; the polarization space H; with basis {|H),|V)}; and the
path space H,, with basis {|0),|1) }. By submitting a horizontally polarized state |H) to the action of a
quarter-wave plate (QWP) and a half-wave plate (HWP), any desired, initial polarization state |i) can be
produced. This is the pre-selected state. On submitting |i) to a polarizing beam splitter (PBS), its |H)
component goes unaffected through the PBS, while the | V) component is reflected. If we denote by |0) the
path along which |i) propagates, and by |1) the path followed by the reflected beam, the PBS performs the
map |H)|0) — |H)|0), |[V)|0) — |V}|1). The action of the PBS is represented by the unitary and self-adjoint
operator

Upps = UI)BS =1,® (ﬁH®]1p +ﬁv®0;) , (12)

where I1j; = |H)(H|, Iy = |V){V], o, = 10)(1] +[1)(0], while 1, and 1, stand for identity operators on
transversal amplitude space and path space, respectively.

Our setup implements von Neumann’s model of the measurement process. It was designed so that the
system-pointer coupling strength is not restricted to have small values [38]. Generally, during the
measurement process, the dynamlcal evolution of system and | pointer is ruled by the Hamiltonian

— gA ® P. We may take P to be an impulse operator, with [X, P| = i/, where X is the position operator that
ﬁxes the pointer’s readout. The system-pointer evolution is given by the unitary U(e) = exp(—ieA ® P/h),
where € = g7 and 7 is a pulse-like interaction time. WVs were originally introduced [1] under the
assumption of weak coupling strengths (weak measurements), so that € is very small and one may perform a
Taylor series expansion up to first order: U(e) &~ 1 — ieA ® P/h. Various results, among them those of [32,
33], were derived under this assumption. In our case, we resort to closed-form expressions, valid to all orders
of € [39—41].

We are specially interested in two-state systems, and more specifically, on polarization. An example of a
system operator in this case is

A=n-o =4, (13)

Here, n is a unit vector and o = (01,07, 03) is the triple of Pauli matrices. The basis vectors |H) and |V) are
taken to be the eigenvectors of the Pauli matrix o; that is, oy = |H)(H| — |V)(V]. As pre-selected
system-pointer state |i)|1)), we take

i) = cos(« e sin (« x) = (x :¥ex —x—z .
= cos(@/2 )+ sin(a/ Y, 9= ) = e (). a9

We thus assume that, initially, the pointer’s position has a Gaussian distribution (x). This distribution is
shifted by the system-pointer coupling. On measuring this shift, one can assign a value to the measured
observable. In the present case, there are two possible shifts: 1)(x) — 1 (x & €), which correspond to the

3
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Figure 1. Experimental setup. A laser beam is collected by a monomode optical fiber (FOC) and coupled to a collimator to be
horizontally polarized. The pre-selected polarization state |i) is prepared with a QWP and a HWP. The Mach—Zehnder (MZ)
setup has two movable mirrors, M; and M,, which can be displaced by distances b and a, respectively. After the MZ, a polarizer P
and two QWPs project on the post-selected state |f). The CCD1 camera measures in position space, when mirror M4 is removed.
Lenses L; and L, conform a telescope system that serves to optimize image recording at CCD2. Lens L3 performs a Fourier
transformation of the transversal amplitude.

O<xKE€E

L 1 X
—-€ €

Figure 2. Gaussian distributions in the strong coupling regime, in which the pointer spread (o) is much smaller than the pointer’s
shift (€). The two eigenvalues of the measured observable can then be unambiguously correlated with the two well-discernible

Gaussian peaks.

eigenvalues £1 of &,,. In the weak coupling regime (e < o), there is some overlap between the Gaussian
distributions ¥ (x 4 ¢€). To assign a value to ,,, one must repeat the measurement many times [42]. If € > o,
one has strong, projective measurements, which allow to unamblguously assign a value to 6, (see figure 2).
Alternatively, on considering that &, couples to the position operator X, the shift occurs in ¢ (p) = (p|t)), the
Fourier transform of ¢(x). In our case, the post-selected pointer-state can be recorded with a charge coupled
device (CCD) camera. The image corresponds to position |x) or momentum [p), depending on which CCD
camera we use, CCD1 or CCD2 (see figure 1), to record the transversal profile.

4
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As shown in figure 1, the interferometer has two displaceable mirrors, set on the 0 and 1 arms. They shift
the transverse amplitude distribution ) (x, y) along the x-axis and leave unchanged the distribution along the
y-axis. That is, ¥ (x,y) — ¥ (x + a,y) on the 0-arm, and ¢ (x,y) — ¢ (x+ b, y) on the 1-arm. The unitary
operator, which produces these actions on the amplitude-path subspace, is given by

Uy = exp (—iapy/h) @ Iy + exp (—ibp,/h) @ I, (15)

where II; = |k)(k|, k= 0,1 and p, = —ih Oy is the impulse operator. That is, exp (iap./h) 1 (x,y)
= 1)(x+ a,y). The displacement by a in the transverse function is thus conditioned on the light-beam going
along path |0), and the displacement by b is conditioned on the beam going along path |1). Due to the PBS
(see equation (12)), the displacements become effectively connected with the |H) and |V) components,
respectively, of the beam polarization. As far as polarization is concerned, we could thus replace in
equation (15) Ho by I g and I 1 by HV Such an U,;, would describe the action of a birefringent crystal that is
used as polarizing beam displacer. Our setup was designed so as to obtain the same effect, but without the
restrictions that derive from using a birefringent crystal, in particular the restriction of having access to only
small system-coupling strengths, due to the small beam displacements within the crystal.

As can be seen in figure 1, the core of our setup is the Mach—Zehnder (MZ)-like interferometer with the
two moveable mirrors and two PBSs. The total action of this interferometer is given by

Ur = Upsps (1s ® Uay) Upps (16)
= e b/ g (ﬁH @Iy +1y® ﬁl) +eith/N g (ﬁH oI, + Ty ® ﬁo) . (17)
Let us take |1 )|i)|0) as the pre-selected state, i.e. a polarized state |i) with transversal amplitude |¢) that

propagates along path |0). The post-selected state is |x)|f)|0). We get then the following expression, which
involves WVs:

(O (/1 Ur[)[)[0)
{f18)

We stress that equation (18) is not restricted to small displacements. It holds for arbitrary values of a and b.
Assuming Gaussian distributions (see (14)), we have

O UBO) 1 (x=a)’\ (<=0 (p
T (2#)1/4\/5{6Xp< 10 )“H*‘”‘P< 40 )“} (15)

The corresponding normalized detection probability (intensity in the case of classical light beams) is given by

=1 (x— a) IIY, + 1 (x — b) IIV. (18)

Py _ [{fIx[Url)]5)1*

P ()P
—a)? AV N2 2
= \/zl—m {eXP (—(xZUf) )IHszrexp (— (xZUf) )|H‘$I2+2Re [exp (—%) Hgng*”. (20)

Based on these results, we can measure geometric phases out of WV measurements. We have envisaged two
methods to do this, which we explain in what follows.

2.1. First method

Let us consider the case in which o < |a — b|, so that we have two non-overlapping Gaussian distributions.
In this case, (a — b)?/o? > 1 and we can accurately determine the center of each Gaussian distribution. We
can thus define the measurable quantities (see equation (20))

P, 1
cgzgé} = T2, (21)
x—a 2o
Pab 2
CG=—| = ﬁfMI (22)
p x—b
Now, from ﬁH + ﬁv = 1, it follows that IT}; 4+ II}; = 1, whereupon, on writing
I = relX, (23)
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we have

T2 = 1 —relX|> =142 — 2rcosy,
Re[II4ILy] = reosy — .

Hence, for |[a — b| > o, we get

2
C,= ,
“ 2o
1
Cy= 147 —2rcosy).
b 2o ( X)

We can then express x in terms of measurable quantities:

_l+oV2rm (Cu—Cb)

cosx .
202m)* (o))"

This allows us to measure the geometric phase x via WVs. Notice that we have taken

(Tuli) _ ()

My ()

Iy =15 (i)
so that

x =argll}y (i,/) = A (i, H,f) .

C Montenegro et al

(24)
(25)

(26)

(27)

(28)

(29)

(30)

There is no loss of generality involved, when we include |H) as one of the three states that enter x. What
matters is the geodesic triangle that is constructed out of three states on the Poincaré sphere, and there is no
restriction involved when taking one of these states as a ‘horizontal’ one, under proper definition of our
reference frame. It is well known that y equals (minus) half the solid angle of the geodesic triangle with
vertices S;, Sy, Sp, the Stokes unit vectors of the states |i), |H), |f), respectively. As proved by Mukunda and

Simon [37],

1+§i'§H+SH-§f+§f~S,‘

cosy =

{(1 +Si~§H+$H-Sf+§f~Si)2 + (f@i'SH x Sf)z] "

(31)

This is a theoretical value, against which we can compare the measured value of cos x, given by equation (28).

2.2. Second method

Alternatively, we can obtain the geometric phase by measuring two ‘centroids’ of the pointer’s Gaussian
distributions. As we said before, because of the PBS (see equation (12)), the effective action of the two

moveable mirrors in figure 1 can be described by the operator

Uap = exp (—iapy/h) @ eIl + exp (—ibpy/h) ® Iy, (32)
instead of equation (15). From equations (20), (24) and (25), we get
Pabl)(x) 1 {(1/1a (x) — p (x))* 17 4 2 cos X P (x) (Vo (x) — Py (%)) + 17 (x)} , (33)
2mo
with
2
Yy (x) = exp (— (x;,f ) ) : (34)

In momentum space, we obtain

(Pl {f1Uab|D) )
{f18)

= (ple™ /"ML ) + (ple™ /M) = o (p) (77 "MLy + €7 MILY), (35)
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where (p) is the Fourier transform of ¢(x). On taking the modulus squared of the above expression, we get
the normalized probability (intensity):

Pﬂb(p) _ |<f|<P|Uth>|l>|2 _ '(/;2(}7) (‘HIVHZ + |vav‘2 +2Re |:e2i(a—h)P/th(Hv>*}>

p [(fli) 2
=%(p) {142 —2rcosx + 2rcos(x — (a — b)p/h) — 1* cos((a — b)p/h)) } (36)
On setting b = —a, the centroids in x-space and p-space are given by:
1 oo
C, = 13/ xPyp (x)dx=a(2rcosy — 1), (37)
1 [ ~ 232w .
Cp = P /_Ooppab (p) dp = mrsmx. (38)

1
It is then convenient to weight the pixels on the CCD device not with x and p, but with x/a and o2e=? p,
respectively, so that we obtain the normalized centroids:

Cy= 11)/_0:0 (x/a) Py (x)dx = 2rcosy — 1, (39)
C, = 113 /_ D:O (Jzeﬁp) Pay (p)dp = 2v/27 rsin (x ). (40)
From these normalized centroids, we obtain the following relations:
Cy+1=2rcos¥, (41)
LCP = 2rsiny. (42)

V2r

The geometric phase x is now given by
G

P
V21 (Ce+1) (43)

tany =

In this way, we obtain another expression for y in terms of experimentally measurable quantities. This result
can be compared with the theoretical one [37]:

gi’ (SHX§f>
1+Si'§H+SH~S‘f+Sf'Si.

tany = — (44)

3. Experiments and results

We implemented the two methods for measuring geometric phases that we explained before. Our
experimental setup is shown in figure 1. Our light source was a HeNe laser (12.5 mW at 633 nm), which
delivered a laser beam that was horizontally polarized and collected by a monomode optical fiber
(SM600-Thorlabs, 633-780 nm, 125 um cladding), coupled to a collimator (CL, Thorlabs FOC:
F230FC-B-633 nm, f = 4.43 mm, NA = 0.56 FC/PC). Both the pre-selected state |i) and the post-selected
state |f) were prepared in essentially the same way, based on the action of a HWP and a QWP on a
horizontally polarized state |H). A general, pre-selected state reads |i) = cos(6/2) + e'¥sin(6/2). Its Stokes
vector is S}, = (cos,sinf cosp,sinfsin¢). This state should be obtained by submitting |H) to a QWP
(Thorlabs WPMQO05M-633) and a HWP (Thorlabs WPMHO05M-633). On writing the resulting state as
H(a/4)Q(B/2)|H), it has the Stokes vector Sqi = (cos(a — ) cos 3,sin(a — 5) cos 8, sin ). We can
therefore set

a = arctan (tanf cos @) + arcsin (sinfsin ), (45)

B = arcsin (sinfsinep), (46)

to obtain the desired state |i). This state is submitted to the MZ interferometer that is part of the setup shown
in figure 1. The output beam of this interferometer should be projected on a post-selected state |f), the
general form of which is like the one of the pre-selected state |i). We thus need to implement the projector

7



10P Publishing

New J. Phys. 26 (2024) 123004 C Montenegro et al

If){f]. To this end, we proceed as before, but permuting the order in which the QWP and the HWP act on
|H). On using H(a/4)Q(5/2) = Q((ax — 5)/2)H(cx/4), we have

N = Q(agﬁ)H(j)H><H|HT<Z‘)QT<0¢;B)
Q(a;ﬂ)P((;)Q*(agﬁ)Q(agﬁ>p(§‘)Q(a‘f”), )

where P(a/2) = | /2) (/2] corresponds to a polarizer set to /2, i.e. a projector on the linearly polarized
state | /2) = H(a/4)|H) = cos(a/2)|H) + sin(c/2)|V). On choosing « and f3 as given by equations (45)
and (46), equation (47) represents a general projector (filter) |f){f], which is made with two QWPs and a
polarizer [43].

We performed measurements in both position space and momentum space, as required by the two
proposed methods. This required calibrating the phase ¢, by setting the displacement a of the corresponding
moveable mirror, to a = n A, with n integer. In this way, we have ¢ =0 mod (27). We fixed a with the help
of the CCD1 camera (DCU223C, 1024 x 768 resolution, 4.65 um pixel size) shown in figure 1, by measuring
the relative positions of the centroids of horizontally and vertically polarized beams. We obtained
a=2370 A ~ 1.50 = 0.03 mm, which corresponds to n = 2370 £ 47.

The actual implementation of the methods explained in sections 2.1 and 2.2 involved two-dimensional
images that were recorded in the CCD cameras. Hence, some slight modifications of the theoretical results
given above are necessary, in order to describe our experimental outputs. To begin with, the preselected state
now reads

in) = [ [0), with o (x,3) = (x.y|0) = exp (—x s ) . (48)

27 ol 402,

Transverse profiles must be measured in position space and in momentum space. The latter requires
submitting the profile to a Fourier transformation, something that can simply be done with a lens. Let us
consider two transverse profiles, one of which, 1, is at the focal distance f before the lens, while the other, ¢,
is at distance f after the lens. These profiles are related by [44]

V) 1 7 [ [P sy = L (0} () =07 (). (49)

where the equalities x" = Afv, and y” = Afi, connect the (spatial) frequencies (vy,1,) with the position
coordinates (x’,y’) on the output plane.

Even though one Fourier lens suffices to obtain the profile in momentum space, in practice it was
necessary to mount a telescopic arrangement with three lenses, Ly, L, and Lz, whose focal distances were
f1 =250 mm, f, =45 mm and f3 = 300 mm. (see figure 1). The reason was that the transversal profile, which
is captured by the CCD camera, should cover a rather large number of pixels, so as to attain the required
image resolution. Lenses L; and L, were used to reduce the spot at the output of the MZ interferometer, so
that the third lens L3 could perform a Fourier transformation with the required resolution in the CCD
camera. The locations of the lenses were chosen so that the sum of their focal distances covered the total
distance from the output PBS to the CCD camera (see figure 1). In this way, no unwanted phase factors
appear in the Fourier transformations [44]. We have then the following relationship between the transversal
profiles at the planes before and after the lenses:

0y (] V(Y (S
o 206 = (s ) 7m0 O 5o ) G ) (i) o0

3.1. First method: experimental implementation

As we said before, on account of the two-dimensional nature of the transversal profiles that we record in the
experimental implementation, the results previously obtained in section 2.1 must be slightly modified. We
recall that we need to have two well resolved Gaussians in position space: (a — b)? /o2 > 1. In this case, on
using equation (48) we obtain (in place of equations (20), (26) and (27))

242
Paley) 7% (oo
P 2mo?,

T2 e (A7 Iy 4 2Re [e (- 0) oty ),

(51)
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Table 1. Pre-selected (|i)) and post-selected (|f)) states are parameterized as |1)) = cos(cr/2)|H) + e sin(/2)| V). Each of the 4
curves shown in figure 3 is a geodesic triangle, whose vertices are the states |i), |H) and |f).

Curve Nr. i Bi af Bf
1 64.3° 33.7° 90.0° 180.0°
2 90.0° 90.0° 90.0° 180.0°
3 90.0° 180.0° 120.0° 125.3°
4 90.0° 0.0° 60.0° —54.74°
(1) (2) 3) (4)

IR}

8 o e,

14y=| D) =li)

Figure 3. Geodesic arcs connect the states i), |H) and |f ). The resulting geodesic triangle subtends a solid angle €2, such that the
geometric phase x = —2/2.

P 1
C,= Tab = |Iy? = 2& (52)
p x—ra,y—0 27TO_W
_ Pab o w2 _ 1
Cy=-= =y =— (1+ r* —2rcos ). (53)
p x—b,y—0 Ty
From the above equations, we get
1+ 270l (C, — G
cosy = + 270, (G b) . (54)

24270l C,

To record the required images in position space, we used the CCD1 camera, see figure 1. We chose
a=2.00+0.02 mm, which corresponds to n A, with n = 3158 + 29. We prepared 4 pairs of pre-selected (1)
and post-selected (f) polarization states of the form |+/) = cos(/2) + e sin(/2), with the o, /3 given in
table 1. Figure 3 shows the surface enclosed by the geodesic arcs that connect the states |i), |[H) and |f), in the
4 cases. Each surface subtends a solid angle 2, which is related to the geometric phase by x = —£/2 [37].

For each pair of pre-selected and post-selected states, we recorded 15 images and, in each case, we
repeated the measurement 5 times. To determine the maximal peak intensity, we adjusted the recorded
profiles to Gaussian distributions, see figure 4. The goodness of fit, i.e. the R-squared values, are shown in
table 2 for the left and right spots on the CCD camera. As can be seen, in all cases the Gaussian fit contained
more than 90% of the data. The measured value of o, was 0.49 4 0.03 mm. The experimental values we
obtained for the geometric phase Y, given by cos ¥, are shown in figure 5. As can be seen, the experimental
values that were obtained from the measured quantities entering equation (54) are in good agreement with
the theoretical ones that follow from equation (31).

3.2. Second method: experimental implementation
The second method requires the field amplitude in momentum space, 1" (x, y), which is the Fourier
transform of the field amplitude in position space (see equation (50)). We thus record the images of the
transversal profile on the CCD2 camera (see figure 1), with the array of three lenses set on place. The
geometric phase y that is associated to each geodesic triangle is now given by tan x. The experimental value
of the latter can be expressed in terms of measurable quantities, as follows.

On using the Fourier transformed, transversal profile 1)) (x, y), we get the following results:

POy oo o _ _
b = |¢; (x,9) | (1 +27° 2r(rcos (¢ + ¢p) +cosy —cos(x + ¢ + gi)l))) , (55)
C.= /x@dxdy: —g (2rcosx — 1), (56)
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Figure 4. Spots on the CCD camera and their Gaussian fits.

Table 2. R? for the Gaussian fits of the left and right spots on the CCD camera. Curve numbers refer to the geodesic triangles in figure 3.

Curve Nr. R? (left) R? (right)
1 0.96 0.95
2 0.94 0.95
3 0.91 0.95
4 0.94 091
O] —a* /802
P/ (x ae” Y /5% fifar
C= /xi“b 50 dxdy = et A siny, (57)
P 4 o2,

where we have set ¢, = arg| % (x,7) lgl) (x,7)]. The above results are an extension of equations (36)—(38),

valid for the two-dimensional case. From these results, we get

(58)

8molfe 3G, [ C
tany = kit P( £ )

Mifs 2Cy—a

The aforementioned array of three lenses was aligned so that the vertically polarized beam coincided with
the optical axis. Our reference point on the CCD camera was the position of the centroid of the vertically
polarized beam |V). We adjusted the relative phase so that ¢ = 0, mod(27) and recorded 15 images of the
beam’s transversal profile for each pre-selected state, repeating the process 5 times in each case. We measured
the centroids’ positions relative to the reference point and took their average, which is given by C,P/Ay, with
Ay = [ Pay(x,y)dxdy. From this average, we got C,. As for C, it proved convenient to fix as reference point
on the CCD camera the middle point between the centroids of the |V) and |H) beams. We recorded 15
images and repeated the process 5 times in each case and obtained an average value C,P/A,. In the two cases,
P was obtained by just measuring the intensity of the beam that resulted from preparing the pre-selected
state |i) with a QWP and a HWP, as explained before, followed by the projection on the post-selected state
|f)- This projection was done with two QWPs and a polarizer, as already explained. In this way, we measured
P for each pair of pre-selected and post-selected states. Figure 6 shows the measured values of tan x (solid
bars) and the theoretical values (dashed bars). The corresponding numerical values of tan x are given in
table 3. Here again, experimental and theoretical values are in good agreement.

Finally, it is worth comparing our approach with another one, which is also based on the three-vertex
Bargmann invariant [45]. Although the experimental setup of the latter markedly differs from ours and is
unrelated to WVs, the two approaches have the common feature that neither state evolution nor elimination
of the dynamical phase are required. In spite of the fact that the experimental results of [45] correspond to a
rather limited set of polarized states—which are characterized by a single parameter—a shared advantage of
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1.0¢

0.6-

04~

0.0

1 3

Figure 5. Solid bars correspond to cos X, as measured by the first method. Dashed bars are theoretical values. Numbers on the
abscissa-axis refer to the geodesic triangles in figure 3.

2 4

Tan(x)

Figure 6. Solid bars represent values of tan x, as measured by the second method (see text). Dashed bars are theoretical values.
Numbers on the abscissa-axis refer to the geodesic triangles in figure 3.

Table 3. Experimental and theoretical values of tan x. Curve numbers refer to the geodesic triangles in figure 3.

Curve Nr. tany (theo.) tan x (exp.)

1 0.73 0.754+0.12
2 1.00 1.1340.10
3 —0.71 —0.68+0.12
4 —0.35 —0.374+0.05

the two approaches is that all the information is contained in single-shot images of a CCD camera. The setup
of [45] uses a three-pinhole interferometer, whose construction requires a rather cuambersome procedure: the
accurate perforation and subsequent positioning of a thin copper foil. On the other hand, the setup of [45]
does not require phase calibration, as in our case. There is therefore some trade-off to be made, according to
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the particular goals one has in mind. We have limited ourselves to address geodesic triangles for the
proof-of-concept that we report in this work. Any other curve C may be approximated by some finite
number of geodesic arcs, for which equation (10) holds and hence our method applies. Of course, a proper
automation must be implemented in order to get the geometric phase that is associated to C (see

equation (6)). C may be closed or open. If C is open, it can be completed to a closed curve with a geodesic arc
connecting the final and the initial points of C. The geometric phases of the open and closed curves are the
same. This is so, because the geometric phase of a geodesic arc is zero [37]. One can envision an extension of
our work to address curves that are more or less arbitrary. Similar considerations hold for sequential WV
measurements with varying strengths [46]. Another possible extension of our work could come from
addressing the question as to whether our results conform the restrictions imposed by so-called weak
quantum evolutions [47].

4. Closing remarks

We have proposed and implemented two methods for measuring geometric phases via WVs. Our methods
overcome the restrictions imposed by the weak coupling regime between system and measuring device that is
usually assumed when dealing with WVs. We used a classical light source to perform our experiments. All the
measured quantities were light intensities. We have shown that these intensities contain phase information,
out of which one can determine geometric phases. The same holds for probabilities in the case of single
photons, to which our methods apply with just minor modifications. Our proof-of-concept shows that
geometric phases and WV are essential features that are not restricted to the quantum domain, even though
they were originally identified in that domain. What is essential in the two cases is the linear vector space
structure, in terms of which one describes the physical phenomena that are involved in these cases.
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