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Abstract

This paper develops a dynamic general-equilibrium political-economy model for the op-
timal size and composition of public spending. An analytical solution is derived from
majority voting for three government spending categories: public consumption goods
and transfers (valued by households), as well as productive government services (com-
plementing private capital in an endogenous-growth technology). Inequality is reflected
by a discrete distribution of infinitely-lived agents that differ by their initial capital
holdings. In contrast to the previous literature that derives monotonic (typically nega-
tive) relations between inequality and growth in one-dimensional voting environments,
this paper establishes conditions, in an environment of multi-dimensional voting, under
which a non-monotonic, inverted U-shape relation between inequality and growth is
obtained. This more general result — that inequality and growth could be negatively
or positively related — could be consistent with the ambiguous or inconclusive results
documented in the empirical literature on the inequality-growth nexus. The paper also
shows that the political-economy equilibrium obtained under multi-dimensional voting
for the initial period is time-consistent.
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Resumen

Este trabajo desarrolla un modelo econémico-politico de equilibrio general dindmico
para el tamano y la composicién 6ptima del gasto piblico. Una solucién analitica es
derivada de la votaciéon por mayoria para tres categorias de gasto ptublico: bienes de
consumo publico y transferencias (valorados por las familias), como también servicios
publicos productivos (complementando al capital privado en una tecnologia de creci-
miento enddgeno). La desigualdad se refleja en una distribucién discreta de agentes
que viven infinitamente y difieren por sus tenencias de capital inicial. En contraste
a la literatura previa que deriva relaciones mondétonas (tipicamente negativas) entre
desigualdad y crecimiento en ambientes con votacién unidimensional, este trabajo es-
tablece las condiciones, en un entorno de votacién multidimensional, en virtud del
cual una relacién no monétona, forma de U invertida, entre desigualdad y crecimi-
ento es obtenida. Este resultado més general — que la desigualdad y crecimiento
podrian estar relacionados negativa o positivamente — puede ser consistente con los
resultados ambiguos e inconclusos documentados en la literatura empirica del nexo
desigualdad-crecimiento. Este trabajo también muestra que el equilibrio de economia
politica obtenido bajo votaciéon multidimensional para el periodo inicial es consistente
en el tiempo.

JEL: D72, E62, H11, H31
Palabras clave: desigualdad, crecimiento enddgeno, votacion multidimensional, im-
puesto enddgeno.



1 Introduction

The relation between inequality and growth has been widely analyzed in the analytical
political-economy literature. A typical negative relation between inequality and growth
has been established, based on the following mechanism. Higher inequality leads to a
larger demand by the median voter for redistributive government spending, which is fi-
nanced by higher distortionary taxation that reduces (physical or human) capital invest-
ment and growth. This negative relationship between inequality and growth is derived in
Bertola (1993), Perotti (1993), Alesina and Rodrick (1994), Persson and Tabellini (1994),
and Saint-Paul and Verdier (1997).! The theoretical framework of the aforementioned pa-
pers combines endogenous growth and the endogenous setting of a key policy instrument.
However, the empirical literature based on cross-country data provides contradictory or
inconclusive results on the sign of the inequality-growth link.?

Still within the median-voter framework, Saint-Paul and Verdier (1993) derive a positive
relationship between inequality and growth, considering government spending on education
as the only public spending category. Education spending has two effects: it is redistribu-
tive as the poor benefit from it to a larger extent than the rich and it raises growth because
the production function is linear in human capital. This unambiguously positive effect of
education on growth is the result of assuming non-distortionary taxation. However, the
authors also suggest that it is possible to obtain an inverted U-shaped relationship between
growth and inequality when education spending is financed by a sufficiently distortionary
tax.

Other studies restrict the relationship between the median and the decisive voter by the
inclusion of a wealth bias in the political system. Benabou (1996), Saint-Paul and Verdier
(1996), and Lee and Roemer (1998) show that higher inequality may lead to less transfers
and therefore higher growth if higher-income agents lobby against redistributive policy or
limit access to voting by low-income agents. The latter mechanism can imply a U-shaped
relation between inequality and redistribution.

Other studies focus on different mechanisms to majority voting that shape the inequality-
growth nexus. Under asset-market imperfections a negative relationship between inequality
and growth arises, as derived, for example, in Galor and Zeira (1993) and Benabou (1996).
Here individuals endowed with low levels of inherited wealth cannot invest in human cap-
ital due to market imperfections. So the initial inequality of wealth continues generation
after generation, restricting investment and therefore growth. Gupta (1990), Alesina and
Perotti (1995), and Benhabib and Rustichini (1996) focus on the social instability that is

'See Ostry et al. (2014), Aghion et al. (1999), Benabou (1996), and Alesina and Perotti (1994) for a
detailed review of the relevant theoretical and empirical literature.

2A negative empirical relation is documented in the cross-country studies conducted by Alesina and
Rodrik (1994), Persson and Tabellini (1994), Perotti (1994) and Clarke (1992). Barro (2000) establishes
a negative relation for low-income countries and a positive relation for high-income countries. A positive
relation is reported in panel data studies by Perotti (1996), Benabou (2000), Forbes (2000), Milanovic
(2000), Banerjee and Duflo (2003), and Benhabib and Spiegel (1998).



generated by income inequality as the cause of a higher demand for transfers or a lower
demand for productive expenditure, which leads to lower growth.

The political-economy literature reviewed so far sets the relevant policy instrument in
a one-dimensional policy. However, majority voting in a multi-dimensional setting opens
the door to instability of the political equilibrium, due to the lack of a Condorcet winner
policy, i.e., there is not a policy that beats any other feasible policy in a pairwise vote. The
latter instability can be avoided by restricting the institutional environment for aggregating
individual decisions, without restricting individual preferences. Shepsle (1979) and Shepsle
and Weingast (1981) follow the latter strategy by developing a structure-induced political
equilibrium.? In this framework the voting process is based on separate but simultaneous
voting by each agent in n separate committees, one for each of n voting dimensions. Votes
are aggregated for each dimension and the election outcome will be determined by the votes
of the corresponding decisive voter. In each dimension, the median voter may vary or not
and this depends on the preferences of the agents by government-spending categories. For
example, Conde-Ruiz and Galasso (2005) characterize the political equilibrium of multi-
dimensional public spending, applying the structure-induced equilibrium. There are two
types of public expenditure in their overlapping-generations model: transfer payments from
rich to poor and pension payments. In this model, the decisive voter for each expenditure
category is different, because pensions are preferred by the older generation and transfers
are preferred by the poor (both young and old).

Exogenous growth models do not allow derivation of an analytical solution of the class
of dynamic political-economy models considered here because growth is not constant over
time and therefore identification and decisions by future median voters are dependent on
current policy decisions. Hence dynamic exogenous-growth models, like those by Krusell et
al (1997), Krusell and Rios-Rull (1999), and Azzimonti et al. (2006), are solved numerically.
In contrast, the endogenous growth framework allows obtaining analytical solutions of
political-economy equilibria. The latter setup allows identification of future median voters
because the evolution of state variables preserves the ranking of voters over time.

In this paper we develop a dynamic general-equilibrium political-economy model for the
optimal size and composition of public spending. Using an endogenous-growth technology,
we derive an analytical solution based on majority voting for three government spending
categories. We derive conditions under which a non-monotonic, inverted U-shaped relation
between inequality and growth is obtained. This result extends the previous analytical
literature in a median voter framework that was reviewed above, which derives a monotonic

3 An alternative strategy for restricting the institutional environment without restricting individual pref-
erences is adopted in agenda-setter models, where voter groups — the agenda setters — are allowed to submit
policy proposals of their interest to general voting. For example, Persson et al. (2000) develop a static
model with agenda setters for multi-dimensional voting over three categories of public spending: transfers,
public goods, and payments to politicians. Other modeling strategies to avoid political equilibrium insta-
bility include probabilistic voting and using intermediate political preferences, as discussed by Persson and
Tabellini (2000).



relationship under one-dimensional voting. Our more general result — that inequality and
growth could be negatively or positively related — could be consistent with the ambiguous
or inconclusive results documented in the empirical literature on the inequality-growth
nexus.

Government spending falls on three expenditure categories: public consumption goods,
transfers to households, and productive government services, which are financed by dis-
tortionary taxes. Inequality is reflected by a discrete distribution of infinitely-lived agents
that differ by their initial capital holdings. Household preferences are homogeneous across
households, who value positively private and public consumption goods, and benefit from
lump-sum transfers from the government. Public consumption enters household utility in
per capita terms as a rival and non-excludable consumption good.

Government services raise the productivity of capital and are subject to relative con-
gestion, i.e., they are rival goods.* Productive government services are a complement of
private capital in an endogenous-growth technology characterized by constant returns.®

The composition and aggregate level of spending is chosen endogenously by majority
voting in a dynamic context. Here we follow Shepsle (1979) by attaining stability of the
political equilibrium as a result of restricting the institutional environment for aggregating
individual decisions, without restricting individual preferences. Voting cannot be restricted
to aggregate spending or taxation because the median voter expresses a separate political
demand for each component of public expenditure. In general equilibrium, the political
demand for one government spending category affects the demand for the two other cate-
gories. Therefore the political demand for government transfers is lessened by the supply of
other government spending categories that are valued by the median voter — a key feature
for the main result of our model.

A key feature of this paper is the existence of an endogenous threshold level of inequality
at which the median voter chooses a household transfer level of zero. At higher levels
of inequality, the relation between inequality and growth is negative, as it is in much
of the previous political-economy literature. At levels of inequality below the threshold
level, negative transfers (i.e., taxes) would be chosen. This outcome is not sensible, so we
restrict transfers to be zero at low levels of inequality. This implies that in the latter case
voting is restricted to choosing optimal levels of two remaining spending categories: public
consumption goods and productive government services.

This leads to the paper’s main result. In the range where inequality is lower than the
aforementioned threshold level and transfers are zero, the relationship between inequality

4Barro and Sala-i-Martin (1992) argue that most public goods are subject to congestion. Therefore pure
public goods should be considered as useful but unrealistic benchmarks.

®0Our model shares with Alesina and Rodrik (1994) and Persson and Tabellini (1994) (as well as other
related work on political economy of government size and growth) two features: endogenous growth and
public provision of a factor that enhances growth. However, we include two additional categories of govern-
ment spending, focusing on a multi-dimensional political-economy equilibrium, in contrasts to the previous
one-dimensional models.



and growth could be positive. While optimal provision of productive services is affected
neither by inequality nor by transfers, optimal provision of public consumption goods is
affected by inequality. When inequality exceeds the threshold level, lower income con-
centration leads to a smaller demand for transfers, lower taxation, and higher growth.
However, when inequality falls below the threshold level, we obtain an ambiguous relation
between income concentration and taxation, which is determined by the degree of substi-
tution between private and public consumption goods in household utility. If private and
public consumptions are complements (substitutes), a lower (higher) income concentration
leads to a higher (lower) demand for public goods and hence higher (lower) overall taxation,
which lowers (raises) growth.

We derive analytical policy functions, which in many cases imply obtaining closed-from
solutions for the policy instruments. However, the latter results are obtained by voting
at the initial period. Therefore the question is whether our political-economy equilibrium
is time consistent. The solution is to implement successive votes; the time consistency
is attained when beliefs about future policy rules match the current policy choice. We
show that when focusing on Markov-perfect equilibria, the selected policy is stationary,
i.e., time is not an argument of the policy function, which is only determined by key state
variables. In our model, we derive the Generalized Euler Equation® (GEE) for a political
equilibrium and conclude that the voting equilibrium attained at time zero satisfies the
GEE and therefore is time consistent.

The outline of the paper is as follows. Section 2 describes the model in detail. Section 3
derives an analytical solution for the economic equilibrium, with an exogenous fiscal policy.
In section 4 we characterize the full dynamic political-economy equilibrium with analytical
solutions for the size and composition of government spending at time zero only, and then
prove that this equilibrium is time consistent. Section 5 concludes.

2 The Model

The economy is populated by infinitely-lived households which consume a private and a
public consumption good. While consumption preferences are homogeneous across house-
holds, they are heterogeneous in their initial capital endowment. Production technology
reflects the use of capital, supplied by households, and productive services, supplied by the
government. The government raises revenue by establishing a constant tax rate on capital
and spends on three expenditure categories: public consumption, productive services, and
lump-sum payments provided to each household. Next we present the model equations by
agents.

5Klein et al (2008) derived a condition called Generalized Euler Equation. This condition captures, in
equilibrium, the optimal deviation in the policy variable for the policy maker (in our model, the median
voter maximizes utility). The latter deviation should match with the level described by the policy function
(this function built on utility-maximizing agents considering the deviation of the policy variable).



2.1 Households

Infinitely-lived households differ by initial (physical and human) capital endowment k; .
Over time, households accumulate capital by investing. Intertemporal and intratempo-
ral preferences are homogeneous. Intertemporal preferences of representative household 4
are reflected by a logarithmic utility function over C;;, a CES aggregate over a private
consumption good, c¢;¢, and a public consumption good, g1;. Household income is the
sum of net capital rents (the rental rate of capital, r, times outstanding capital, net of
proportional capital income taxes at homogeneous tax rate Tg) plus government transfer
g3t
Representative household ¢ solves the following intertemporal optimization

oo

max Z B'In Cit(cit, g1.t) (1)
{Ci,t}?io +=0

subject to
Cit + kigr1 = (1 —19) rikiy + 934, given k. (2)

Aggregate intratemporal consumption is defined by CES preferences

=

Cislcit, 1) = (acf,t +(1— a)gft) ; (3)
1

where ;= is the intratemporal elasticity of substitution between consumption goods
(1> p> —00), and a is the share parameter (0 < a < 1).

The number of households, N, is exogenous and constant over time. Hence aggregate
capital is K; = Zi\i 1 ki, aggregate consumption is C; = Zf\; 1 Ci,t, and aggregate public
spending is Gy = 7,4Y;.

Therefore the economy’s aggregate resource constraint is given by

Y = Ci + K1 + Gy, (4)

where Y is aggregate output.

2.2 Firms

Technology reflects the use of capital, supplied by households, and productive services,
supplied free of charge by the government. Following an AK technology, production is
linear in capital. Government productive services are a public good that is rival in the sense
that each firms use of productive services is subject to congestion. Following Turnovsky
(1996) the representative firm’s per capita output is given by’

"Eicher and Turnosvsky (2000) present a general specification of production functions with congestion
and the conditions that must be fulfilled by these functions to generate endogenous growth.



—=yu=A

N ky K

o (1*0) v
<Gzt> (G%) ] ki, 0<0<1;0<y<1, (5)

where y; is per capita output, Ga; is government productive services, k; is per capita
capital, o is the congestion parameter associated to aggregate production services, v is a
parameter that reflects the positive but marginally declining productivity of capital with
respect to productive services, and A is the linear capital productivity parameter.

Congestion in the use of government productive services is reflected at both firm level
and the economy’s aggregate level. If 0 < o < 1, productive services are rival because
their use is associated to k, the use of capital at firm level, as well as to K, the economy’s
aggregate capital. Given G, a higher stock of firm-level capital and/or a higher stock of
aggregate capital reduce the productivity of Gs.

Let’s re-write equation (5) as:

Goy

KN\
y=A [ht (k:;) ] ke, (6)
where h; = o

If ¢ = 0, congestion is proportional and capital productivity declines when G5 grows at
a lower rate than aggregate capital. If ¢ = 1, there is no congestion, production exhibits
constant returns to scale with respect to k and Gs, and the latter is non-rival and non-
excludible public good.

Firms interact in a perfectly competitive market for capital and take the aggregate
capital and productive service as given, where the capital rental rate is determined by the
marginal productivity of capital

re = Ah] — Ayh] " hyo = ARY (1 — ~0). (7)

We assume that the governments supply of services, G2+, grows proportionally to ag-
gregate capital. Hence the ratio h; is time-independent.

We note that the private marginal productivity of capital before taxes is larger than
the social marginal productivity of capital. More precisely, a benevolent social planner
is aware of the negative congestion externality and therefore chooses a socially optimal
level of capital that is consistent with a lower (social) productivity of capital, equal to
ARY(1 — 7). If the congestion increases (i.e., when o declines), the distance of the private
marginal productivity with respect to the social marginal productivity is higher due to
over-investment of capital.

2.3 Government

The government raises tax revenue at zero costs and spends on three expenditure categories.
At this stage we assume the tax rate on income, 74, to be time-invariant.



The government’s budget constraint in per capita terms is the following:

3
TgYt = gt = Zgj,ta (8)
j=1

where g;; (j = 1,2,3) is any of the three expenditure types that were defined above.

In order to simplify derivation of the multi-dimension policy in section 4, we introduce
fictitious separate tax rates 7; (j = 1,2,3) that correspond to each type of government
expenditure, satisfying g;; = 7y, Vj, and Z?:l Tj = Tg.

Aggregate output of the economy is

Goy\”
Y, =A|—=>| K,=AhRK,. (9)
K
As mentioned above, we assume that the government’s expenditure on productive ser-
vices, (G2, is proportional to aggregate capital. Considering the latter relation, the budget
relation Gy = ™Y}, and aggregate output equation (9), obtain
Go

h= 22 = Al (10)

1

1 1

Therefore h is determined by h =7, 7 AT-7.

Considering the government budget constraint, the fictitious tax rates, and the marginal
product of capital, per capita output is derived as

ol

1
Yt = Am7'2177k3t (11)

Per capita government expenditures on each category are

Jie
gt = 7'jAﬁ7'21_W ky, j=1,2,3. (12)

Finally, the rental rate of capital is the following

Jie
= AT 7 (1= o). (13)

In sum, government spending on productive services raises marginal capital productiv-
ity but, as a result of the negative congestion externality due to the use of government
services, private marginal capital productivity exceeds social productivity. Finally, a stan-
dard result from endogenous-growth theory, our economy’s growth rate is time-invariant
due to constant returns to capital, the economy’s reproducible factor of production.



3 Economic Equilibrium

Each household solves her optimization problem, taking as given aggregate government
spending, tax rates, and the rental rate of capital. Household i’s Euler equation determines
relative intertemporal private consumption as

Gl _ g ((1 ) AT R (1 w)) =0, (14)
it

where O is the gross rate of growth of private consumption.

As a result of endogenous constant output growth, private consumption is also a time-
invariant function of tax rates and parameters related to technology and preferences. Cap-
ital growth both at household ¢ and the average level is also time invariant, and so is 7,
the ratio of capital held by household 7 and the average level of capital

kiv ks
i = - = - 1
K ky k (15)

An important implication of the latter is that the relative ranking of households accord-
ing to their capital wealth does not change over time and is unaffected by any exogenous
or endogenous change in the determinants of capital productivity.®

After replacing Euler equation (14), expenditure levels g;; as functions of their cor-
responding fictitious tax rates times output, and the rental rate of capital (13) in the
household’s budget constraint, we obtain household gross saving as

ki,t—l—l = WUk — Cits (16)

——

donde ¥; = (1 —15)Av 7, " ((1 —yo)n; + 11‘%)-

Household gross saving in period t, k; ¢11, is a positive function of period-t per capita
capital endowment, k; , and a negative function of period-t consumption, ¢;;. Hence,
as is standard in an endogenous growth model, gross saving and the capital rental rate
do not depend on future variables. Output, aggregate (and household) consumption, and
aggregate (and household) capital growth at the common and time-invariant rate ©. Hence

the relation between consumption and capital is given by

C@t = (\I/z — @)k‘t (17)

8In a neoclassical growth model with exogenous stationary growth but a dynamic time-variant growth
path toward the steady-state equilibrium the household ranking by capital endowments is not affected by
an exogenous change in tax rates. However, as shown by Krusell and Rios-Rull (1999), when the tax rate
is made endogenous by a political-economy decision in a neoclassical growth model, household rankings are
altered in subsequent periods after the endogenous tax change takes place.



Definition 1. Given time-invariant tax rates 71,72, 73 an initial capital distribution k;g
for alli =1,...,N; then an allocation {c;, kit11}75o represents a competitive equilibrium
if and only if there is a price sequence {ri}§2, such that agents solve (1) subject to budget
constraint (2), the capital rental rate is given by (13), and the economy’s resource constraint

(4) is satisfied.

The model’s competitive economic equilibrium allows to write the agents’ utility func-
tion in terms of the economy’s growth rate © and initial consumption C;o. Hence agent
i’s indirect utility function is given by

V(r1, 72,73 kio, ko) = Y A In (Cig®') =Y B'InCip+ > 5 6, (18)
t=0 t=0 t=0
where
N 1
Cip = ((L ((\Ifl — @)ko)p + (1 — a)(TlA%TZl_AY k‘o)p> ’ . (19)

4 Political-Economy Equilibrium

In this section we derive the political-economy equilibrium, which implies obtaining en-
dogenous tax rates 7; as a result of majority voting. Considering that voter heterogeneity
is determined only by differences in initial capital endowments, we could consider applying
the version of Median Voter Theorem (MVT) whose political preferences are characterized
by the single-crossing property. By the single-crossing property we can sort voters by type
and given that policy alternatives can be ordered from smallest to largest, the decisive
voter is one whose number of voters who prefer a large alternative is equal to the number
of voters who prefer a small alternative, i.e., the decisive voter is that endowed with a level
of capital equal to the median value of the households’ distribution of capital, k,,q, that
is k; = kyng. In this case, there is a Condorcet winner policy that beats any other feasible
policy in a pairwise vote and coincides with the preferred policy of the median voter.”

However, the standard MVT applies only when the policy variable is one-dimensional.
When it is multi-dimensional, as it is our case, majority voting is cyclical, i.e., it is almost
always feasible to derive an alternative policy preferred by a majority of voters.!9 11

To overcome the latter limitation of the standard MVT, Shepsle (1979) and Shepsle and
Weingast (1981) propose the Structure-Induced Equilibrium (SIE). This political-economy
equilibrium for multi-dimensional decisions results from an issue-by-issue voting game with

9See Myerson (1996) for more details of the two versions of MVT.

10Shepsle and Weingast (1982) discuss in detail the problem or curse of multi-dimensional majority voting
that limits aplication of the MVT.

' Assuming that voters have intermediate preferences the MVT can be applied in multidimensional
spaces.



commitment. Agents vote simultaneously but separately for each dimension of the policy
under discussion. Votes are then socially aggregated over each issue by the decisive or
median vote.

The definition of the SIE for our model is the following.

Definition 2. Structure-Induced Equilibrium. An Structure-Induced Equilibrium is a pol-
icy vector 7 = (15,75, 75) € [0,1]3 such that

* de/ _*x __x * de/ x _*x * de/ _*x __x
 =11(75,73), 75 =715°(11,73) and 75 = 75°(11, 73),
where T][-ic = argmax,; V(71, 72, 73; Kac,0, ko) for j=1, 2, 3, and ka0 is initial capital of the

decisive voter. Considering that the space of alternatives is convex and the T;lc functions

are continuous, then, comsistent with the Brouwer fized-point theorem, an equilibrium is
defined for 77, for j=1, 2 and 3.

This equilibrium implies applying a version of the MVT that requires satisfaction of
the single-crossing property in each voting dimension. To this end we will define a property
of political preferences that will enable us to directly apply the MVT. To this property we
called marginal single-crossing utility.

Definition 3. Property of Marginal Single-Crossing Utility. When the first derivatives of
the indirect utility function V (71,72, 73; ki, ko) satisfy

O*V (71,72, 73 ki 0, ko)
ak‘i’oaTj

>0 or <0, para todo 7j € [0,1] y ki o > 0,

then this utility function satisfies the property of marginal single-crossing utility.

This monotonicity property implies that marginal utility changes monotonically in each
policy dimension. The purpose of this property is to show that the marginal utility of voters
shows monotonicity with respect to the variable that identifies the type of agent. Since
agents are ordered completely and transitively in space RT (nonnegative real numbers)
according to their initial capital endowment, the existence of a Condorcet winner is possible
if those agents who prefer a higher value of policy is not located between those who prefer a
smaller value of policy. Following Shepsle (1979) and De Donder et al. (2012), we conclude
that if indirect utility V satisfies the latter property, the decisive voters choice in each
policy dimension is the median voters choice, i.e., where each Tjdc = ijd.

Considering that our model is for a dynamic environment, first we assume that voting
takes place in the first period under commitment and is therefore maintained over time.
Then we will relax this assumption and show that the static policy result is dynamically

consistent when assuming a Markov-perfect equilibrium.

10



4.1 Political-Economic Equilibrium under Voting in Period Zero

Here we assume voting to take place only once, in period ¢ = 0, when society chooses by
majority voting a policy 7 that will be maintained over time. The policy choice results
from maximizing indirect utility derived in equation (18).

We show in Appendix A that our indirect utility function satisfies the property of
marginal single-crossing utility and we obtain the SIE

=3, 1), o= ) y = ().

Therefore the social choice by majority voting of the policy variable coincides with the
simultaneous choice yet separately (issue by issue), made by the decisive voter, which holds
an initial level of capital that corresponds to the median level of the household distribution
of capital endowments.

Lemma 1. If the households indirect utility function defined by (18) satisfies the property
of single-crossing marginal utility, then a political-economy equilibrium with voting in the
initial period is defined by the policy vector T* = (17,75, 75) € [0,1]3 where

(149
TS =

o 1=7)(1=B)(¢—(¢+ )1 —0)0ma)

To =
’ (1+ )1~ (1 = A1 ~10)1ma)
1
where ¢ = (lf—a> P and g = k%d.
Proof. See Appendix A. O

Government provision of public consumption goods is financed by tax rate 7|, which
depends positively on the weight of public consumption goods in household preferences
(1 — a) and the elasticity of substitution between private and public consumption goods
lflp. When a is larger (smaller) than 0.5, i.e., when household weight attached to private
goods is larger (smaller) than that attached to public goods, then a higher elasticity of
substitution between both goods leads to a larger (smaller) demand, and therefore provision
of public goods declines (increases). Hence if the degree of substitution between both goods
rises, households prefer to reduce demand for the less-valued good. Note that, for now the
choice of 7 depends only on economic parameters and is therefore independent of the
distribution of wealth and voting.

Government provision of productive services is financed by tax rate 75, which is exactly

determined by parameter -, the productivity of capital with respect to government services.
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For the social planner, aggregate production if reflected by the function Y = AGJK A=),
where congestion in the use of government services is absent. Hence, from a social welfare
perspective, parameter gamma represents the share of government productive services in a
Cobb-Douglas production function.'? It is well-known that in an economy with endogenous
growth and where government services are a flow in a Cobb-Douglas production function,
the tax rate that maximizes growth is identical to the rate that maximizes social welfare.!
However, in contrasts to the literature that considers productive government flows services
in an endogenous-growth model with a Cobb-Douglas technology, in our model 75 does not
maximize growth because of the presence of other government spending categories.

Corollary 1. In a political-economy model of endogenous growth, Cobb-Douglas technol-
ogy, CES preferences, and endogenous choice of different government spending categories by
majority voting, the tax rate (that finances productive government services) that maximizes
welfare of the decisive household is different from the tax rate that maximizes growth.

Proof. This result is different from the result of the previous literature on endogenous
growth and Cobb-Douglas technology (quoted in footnote 13), as reflected by the derivative
of the growth with respect to m

90 2o ((l-n-—m-T13) 7

— =06(1- AT, 77 —-1]). 20

Yl (20)
Hence, for an economy with non-zero tax rates m and 73, the 79 tax rate that maximizes

growth is given by

To=(1—7 —73)y

It is possible to obtain a value for tax rate 73 equal to zero for a given set of parameter
values (in fact, we will consider this case below). However tax rate 71 cannot be zero
because 0 < a,7,0 < 1. Therefore the tax rate that maximizes growth, 7, is lower than
the tax rate 735, selected in the political process. ]

12\We have also considered an alternative transfer scheme to our lump-sum transfers. The alternative
scheme allows for more distributive transfers, under which households with wealth levels that exceed the
average wealth level get zero transfers and those with wealth below the average get transfers that are
inversely proportional to their wealth. Hence individual household transfer g increases linearly with the
reduction of relative wealth 7;. This feature adds an additional distortion to households’ saving decisions.
When assuming that the ratio n; is distributed as a Fisk distribution with scale parameter equal to 1 and
shape parameter equal to 1, transfers are defined as (B(nma)) ™' (1 — %), where B(nma) = ﬁ +ln(%).
We show that even though transfers affect the rate of growth, the voted 7 tax rate is equal to . For
details, see Appendix E.

13For example, Barro (1990) and Barro and Sala-i-Martin (1992) derive endogenous-growth models with
productive government flow services, for which they show that the level of government services supply that
maximizes economic growth also maximizes social welfare. However, Misch et al. (2013) show that for a
more general production technology exhibiting a factor substitution elasticity different from one, the latter
equivalence is not satisfied anymore.
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Therefore Corollary 1 proofs that the indirect utility-maximizing decisive voter, by
voting for a T tax rate lower than v, chooses a growth rate lower than the maximum she
could attain because she also votes for tax financing of other types of government spending.
In terms of her indirect utility, sacrificing growth by voting for a lower 7o is more than
offset by higher consumption of private and public goods.

An increase in parameter 7y leads to a change in the composition of government spending
toward more government productive services, lowering spending on government consump-
tion and transfers (see Lemma 1). This result is due to the fact that the marginal effect of
government services on productivity, and hence on growth, rises with ~.

The third government spending category, transfers, with an income share equal to 73,
is the only category that depends on 7,4, the median-average wealth ratio. A reduction of
this ratio reflects that the decisive voter is poorer relative to the average household. Let’s
define the measure of household inequality the term 1 — 7,,4. Not surprisingly, a higher
level of inequality causes an unambiguous rise in the share of transfers in GDP, defined by
T3, although it distorts saving decisions

oy —(-)1-pB  _, o
OMma (1= (1= B)(A —70)1ma)?

This positive (negative) relation between the size of transfers and income concentration
(Mma) is well established in the political economy literature. Meltzer and Richard (1981) in
a static environment and Krusell and Rios-Rull in a dynamic environment derive the latter
relation. However, we assume that tax rates 7; are restricted to the interval [0,1] and all
tax rates satisfy this condition other than transfers if and only if the inequality parameter
Nma falls below a threshold level 7).

Corollary 2. For a threshold level 1 = m, if Mma € [0,7] then 75 € [0,1].

Proof. Imposing a value of 0 for the numerator of 75 (see Lemma 1) determines the thresh-
old level 1. Hence if 1,4 tends to zero, then 735 tends to % < 1. As transfers are

monotonic, 5 € [0, 1]. O

Threshold level 77 (inequality measure 1—17) depends negatively (positively) on 3. Hence
if households get more impatient or 3 declines, the threshold level of inequality at which
transfers are zero rises. More impatience leads to value growth less and therefore transfers
attain a value of zero at a lower level of household inequality (Figure 1).

The degree of congestion in the use of public services (o) and the share of productive
government services in output (7) have a positive effect on threshold level 7. Higher
congestion (or o decrease) raises the private marginal product of capital (at an intensity
determined by the share of government services), hence increasing growth. Therefore the
median voter will relinquish obtaining positive transfers at a higher level of inequality
because she values growth more (Figure 1).
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Finally the coefficient of public consumption in aggregate consumption, 1 — a, has a
positive influence on the inequality threshold level. A higher weight of the public consump-
tion good in private utility allows that the median voter demands both a higher transfer
and a higher threshold of inequality, i.e., transfers cease to be positive from a higher level
of . In both cases, the goal is to increase the private consumption good.

3

1 TS(O_O,ﬁl) 73(0' o:ﬁo)
T3(0'1’ﬁ0)

By,

0y>0,

Figure 1: Equilibrium Relations between Inequality and Transfers for different Discount
and Congestion Parameters

We show in Appendix A that the marginal utility of transfers is strictly decreasing in
household wealth level k. We restrict 73 to be non-negative, because it does not make
sense to pay a proportional tax on income to finance negative transfers, i.e., an additional
tax. Therefore when income concentration is relatively low, i.e. when 7,,q > 7, transfers
are set to zero and therefore 75 = 0.

Lemma 2. Given indirect utility in (18), subject to the condition nmq > 1 (73 =0), then a
political economy equilibrium attained under voting in the initial period is defined by vector
R — (Tf*77-2**)/ c [O, 1]2

where
a ((1—vy—1%) P =-0801-7)
1—a < Tik* (1 - "}/O')(]. - 6)”md> - 7_1** - 17



*k

T2 =7
Proof. See Appendix B. O

Although transfers are zero, the share of productive services in output is held at =, i.e.,
it is determined by technology (5). Also if 7i* > 0, then the voted policy does no maximize
growth for the reasons discussed in the case of positive transfers. However, as opposed to
the latter case, now it is not possible to derive a closed-form solution for 7;*. The only
condition derived from the implicit function for 7* in Lemma 2 is 77* < (1 — 8)(1 — 7).
This upper bound on 7{* is a sufficient condition for obtaining a positive level for after-tax
household income, hence 7{* + 75* < 1.

A value for 7,,4 above the threshold level 77 implies zero transfers. Therefore we focus
on the effect of 7,4 on 7{*. Differentiation of the implicit function for 7/* in Lemma 2
leads to an ambiguous sign of the partial derivative of 7" with respect to 7,,4. We derive
the condition under which the relation between the two latter variables can be signed.

Corollary 3. The effect of income concentration coefficient 1n,q on the level of public
consumption goods is determined by the intra-temporal elasticity of substitution between
private and public consumption goods in utility.

(I) For p >0 (for an elasticity of substitution larger than 1), g;f:l < 0.

(II) For p <0 (for an elasticity of substitution smaller than 1),

*%
1

9
an > 0.

Proof. See Appendix C. O

This corollary establishes two cases. We focus on the second case, when a lower con-
centration coefficient (i.e., a lower level of inequality) leads to a higher tax rate 77 (to
finance a larger level of public consumption goods) and hence to higher overall taxation,
Tg = 71+ 73*. This case stands in contrast to the previous literature, which establishes a
monotonic relation between income concentration, taxation, and the size of government, a
relation that is upheld in case (I) of Corollary 3.

However, in case (II) of Corollary 3, we derive an ambiguous relation between income
concentration and taxation. When two conditions are satisfied in our model (income con-
centration is relatively low, i.e., n,q > 7, therefore transfers are zero; and private and
public consumptions are complements in utility, i.e., p < 0), then a reduction in income
concentration leads to higher taxation for public goods and hence higher overall taxation.

The reason for our result is the following. In the traditional political-economy literature,
less income concentration benefits the median voter who then votes for lower taxation and
hence lowers transfers, under governments that spend only on transfers. In contrast, we
consider three government-spending categories in our model. When income concentration is

This inequality condition is derived from the fact that the left-hand side of the implicit equation for
71" is always positive and therefore the right-hand side is also positive, implying this inequality.
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relatively low (9,4 > 1), transfers are set at zero and hence the median household votes only
for two government-spending categories. Before she does so, consider first the economic
equilibrium, before voting takes place. The median voter benefits from a larger capital
endowment and hence higher income, raising her demand for private consumption goods,
given the average level of capital. Now consider the political-economy equilibrium, when the
median voter casts her vote for tax rates. Voting for tax rate 75" is unaffected, according
to Lemma 2. But voting for tax rate 7" is determined by the degree of substitution
between private and public consumption goods in household utility. When substitution
is low (p < 0), both goods are complementary, and therefore a larger demand for private
goods leads also to a larger demand of public consumption goods. Therefore the political-
economy equilibrium implies a larger 7{* tax rate.

Now lets analyze the impact of income distribution on growth in our political-economy
equilibrium. The endogenous growth rate is determined by

O — 1= (1 — 7)1 — 7o) ATy — 1, (22)

where (1 —7,) = (1 —7) (ﬁ + (11—_,8()1@2;12)1(_1;;)0”)2;”(1) if g < and (1 —75) = (1 —~v —
Tik* (nmd)) if Mmd = ﬁ
If income concentration is high (i.e., if 1,4 < 77), government spending falls on all
three spending categories, including transfers. Then a reduction in inequality reduces the
distributional conflict and the median voter choses a lower tax rate to finance transfers.
Consistent with the traditional literature (where government spending falls only on
transfers), growth rises when inequality declines

1 a
99 _ BL-7)(1-B)(B+¢)(1—y0)? ATy
= 5 >0 (23)
OMmd (1—=01 =81 =70)0ma)
If income concentration is low (i.e., if 1,4 = 77), government spending falls on two
spending categories, excluding transfers. Then a reduction in inequality has an ambiguous
effect on the median voters choice of 7*, and hence on growth, depending on the elasticity

of substitution between consumption goods

00
877md

D S 67_**
=—(1—~v0)AT-7~y1-7 1
( ) 877md

(24)

where 57 > (<) 0, if p < (>) 0,

Figure 2 depicts the three economic and political-economy equilibrium relations between
income concentration and growth derived in our model, consistent with equations (23)
and (24). When income concentration is relatively high (i.e., if it exceeds threshold level
1 —"ma), the median household votes for three tax rates. Then the relation between income
concentration and growth is monotonically negative, because higher income concentration

leads to higher taxation and hence to lower growth.
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However, when income concentration is relatively low (i.e., if it falls below threshold
level 1 —17,,4), the median household votes for two tax rates, excluding transfers. Then the
relation between income concentration and growth is ambiguous, depending on consump-
tion good substitution in household utility. If substitution is high (p > 0), the relation
between income concentration and growth is monotonically positive. If substitution is low
(p < 0), the relation is negative.

C)

Equilibrium relations for 2 government Equilibrium relation for 3 government
spending categories (zero transfers) spending categories
o N N
p<0
p>0

I_nmd 1 _nmd

Figure 2: Inequality and Growth in Three Political-Economy Equilibria.

4.2 Political-Economic Equilibrium under Sequential Voting

Our previous equilibrium was derived under the assumption that voting takes place once
in period zero, and therefore tax rates and government expenditure composition is held
constant over time. Now we address the question if the latter policy is time-consistent,
i.e., if society would repeat its period-0 choice if allowed to vote again at any period in the
future.' One way to obtain time-consistent policies is allowing voting to take place in any

B Krusell et al. (1997) compare two equilibria, one with voting in period zero and other with sequential
voting. A sequential voting can lead that the decisive voter faces more restrictions derived from imposing
time consistency, lowering her welfare and hence implying a different vote to voting in period zero.
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period t, under the condition that voting is shaped only by the relevant state variables in
period t, without influence of past variables. This is a Markov-perfect equilibrium.!6

In order to derive the latter equilibrium we re-write household 4’s indirect utility func-
tion in its recursive form. We assume that the policy vector voted in each period follows
the rule 7 = F(kge, k), where 7 = (71 7o 73)’. This policy function is determined by
two state variables: capital of the decisive voter k4., and society’s average capital stock,
k. Households expect that government policies regarding taxation and expenditure follow
policy function F'.

Considering the latter, households (including the decisive household) solve the following
problem

o0

max Y B'InCicio(7e, kig, kiyr, ko), 91(7e, ki) (25)
{kit+1}20 525

where (C, is defined by (3), Ci,t(Tt7ki7t7ki,t+1)kt) = @DQ(T)k + @Dl(T)k‘i - ki,t—i—ly and
g1(7e, ki) = Po(7)ky M

Define function H*(r, k;, k) as the optimal saving response of household i. This function
describes the response of households to a “one-shot deviation” on the part of the decisive
voter in the following sense. If the current capital stock is k, current policy is 7, and the
household i expects that future policy will be determined by the policy function F'(kge, k),
then savings will be given by H!(r, k;, k).

The latter optimal response satisfies household ¢’s first-order condition

<Ci,t+1 (Te41, Kii1, Kiji12, keg1) ) L (Ci,t-',-l (Tet1, Kiji1, Kijg12, keg1)
Cit (e, kit Kigg1, kt) it (7o, Kigs Kig1, ke)

where ki 11 = H (¢, kg, k), Te1 = F(kizs1, kep1) and ki epo = H(Tep1, i1, k).

It is not possible to simplify (26) further because consumption growth rate is not neces-
sarily constant over time because it depends on current and future tax rates. In addition, it
is not yet possible to assure that aggregate capital growth is equal to consumption growth,
which also implies that aggregate consumption growth C is equal to the growth rate of
private consumption ¢. Hence it is not possible to simplify the latter first-order condition
as we did in deriving equation (14).!® As future tax rates determine current consumption,

1-p
) = B1(Te1) (26)

16Time inconsistency arises in the absence of a mechanism or technology that allows commitment regard-
ing the public policy choice. We do not consider sustainable equilibrium or reputation mechanisms in this
model because we assume that governments implement the decisive voter’s tax choice in any period and at
zero cost. We also assume that current governments are not linked in any way to future governments, i.e.,
we do not consider government reelection.

RN RN IR

Tapo(e) = AT 75 " T35 1(7e) = (1= 7g,0) (1 = y0) AT 757 y a(7) =1 AT7 15,
8For the special case of logarithmic aggregation function, the ratio of marginal utilities of private con-
sumption c;41/¢; would not depend on public consumption good and the first-order condition would be

simplified.
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this opens the door to potential time inconsistency: the policy maker could change her tax
policy after households have taken their current-period decisions. In our model, the policy
maker is the median voter, who could face an incentive to revise his future tax choice in
order to maximize his utility.

Considering optimal saving response H*(7, k;, k), the median voter chooses tax rates Tj
by solving the following problem expressed in its recursive form

V(kma, k) = max In Cprg (Cmds 91) + Bo(H™ kg, 7), H(k, 7)) (27)
where H™%(k,,q, 7) and H(k,T) are the optimal saving responses of the median voter
household and the average household, respectively.

We derive the first-order condition on for the political-economy problem of the median
household in casting her decisive vote for tax rates, known as the Generalized Euler Equa-
tion (GEE), as defined in Klein et al. (2008).! The GEE reflects agreement between the
median household’s decision in period ¢ with his own decision in period ¢ + 1 in setting
tax rates 7;,41. Note that for this result to hold we assume (with Klein et al. 2008) that
the choice of taxes in period t takes place before the economic choice of all households in
period t. In other word, it is required to assume a weak sense of lack of commitment or
that a intra-period commitment is needed because the government (i.e., the median voter)
has to commit to her political choice after households take their saving decisions.

Definition 4. Markov-perfect Political-Economy Equilibrium.

Let 7 = [r1,72,m3) € [0,1]® the policy vector implemented in any period and kmao
as the median value of the initial distribution of capital. A Markov-perfect equilibrium
is defined as a policy function F : Ri — [0,1]3 such that the following equations hold:
(i) F(kma, k) = argmax, v(kyq, k) where 7 = F(kma, k) and k' = H(1, ki, k); and (i)
H(T, ki, k) satisfies the condition (26).

Generally the literature has solved Markov-perfect equilibrium with numerical tech-
niques, the absence of an analytical solution is due to the higher-order derivatives of de-
cision rules. Both the policy functions and their derivatives have to satisfy the first-order
conditions for both the current and future periods.?’

In our case we conjecture the following solution for the policy function F'(k,,q, k) = 7%,
that is, the policy of tax rates and expenditure composition that is constant over time,
verifying if this policy satisfies the Markov-Perfect equilibrium definition. Our conjecture
is based on analyzing first-order condition (26) for household i. If tax rates are constant
over time, then individual consumption and gross saving, and the corresponding average
levels, grow at a common rate determined by equation (14). Hence the latter variables do
not depend on future capital, so that current saving is determined only by current, not by

19See Appendix D.
20Klein et al. (2008) propose a method of local approximations and compare its result with an alternative
method based on Chebychev polynomials to evaluate first-order conditions for the steady-state equilibrium.
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future variables. Note that this result also depends on having endogenous growth. If we
had a technology of declining returns to capital, the dependence of current variables on
future capital could not be avoided, and therefore the policy maker’s (the median voter’s)
temptation to deviate from previous policy decisions would still be present.?!

Proposition 1. In an economy characterized by logarithmic inter-temporal preferences,
CES intra-temporal preferences over private and public consumption goods, and constant
marginal productivity of capital, the political-economy equilibrium with voting over the size
and composition of government spending in period zero coincides with a Markov-perfect
equilibrium of sequential voting.

Proof. Full proof is provided in Appendix D. O

The idea of the proof is simple. Define 7+ as the time-invariant policy to be chosen. In
a model of endogenous growth, consumption, investment and public spending growth at
a common constant rate ©(7*) — 1 (see equation 14). Therefore optimal gross household
saving is ki 111 = HY(, ki) = O(7%) ki 1.

As function H'(7*, k;) is twice differentiable, replace H'" and H"" in the GEE derived
in Appendix D obtaining

0lnC,,q4 olnC olnC, , 0lnC| , B
877-]’.‘ +p {ak,@q—;k - 87';, + K T]md@q—;k =0 (28)

We derive the corresponding derivatives and obtain

dInC,, O
g
T (1F)

J

(1-5) =0 (29)

Equation (29) coincides with the first-order condition of the political-economy equilib-
rium with voting in period zero. Considering that optimal government spending and its
composition (i.e., tax rates) are independent of k; and k, our conjecture about F' is valid
and, therefore, the equilibrium with voting in the initial period is time-consistent.

5 Conclusions

In this paper we have developed a dynamic general-equilibrium political-economy model for
the optimal size and composition of public spending. An analytical solution has been de-
rived from majority voting for the optimal level of three government-spending categories:
public consumption goods and transfers (valued by households), as well as government
productive services (complementing private capital in an endogenous-growth technology).

21Using numerical simulations, Krusell et al. (1997) illustrate how the choice of a Markov-Perfect equi-
librium is constant in a model of endogenous growth.
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Inequality is reflected by a discrete distribution of infinitely-lived agents that differ by
their initial capital holdings. In contrast to the previous literature that derives monotonic
(typically negative) relations between inequality and growth in one-dimensional voting en-
vironments, we have established conditions, in an environment of multi-dimensional voting,
under which a non-monotonic, inverted U-shape relation between inequality and growth is
obtained.

A key feature of this paper is the existence of an endogenous threshold level of inequality
at which the median voter chooses a household transfer level of zero. At higher levels
of inequality, the relation between inequality and growth is negative, as it is in much
of the previous political-economy literature. At levels of inequality below the threshold
level, negative transfers (i.e., taxes) would be chosen. This outcome is not sensible, so we
restrict transfers to be zero at low levels of inequality. This implies that in the latter case
voting is restricted to choosing optimal levels of two remaining spending categories: public
consumption goods and productive government services.

This leads to the papers main result. In the range where inequality is lower than the
aforementioned threshold level and transfers are zero, the relationship between inequality
and growth could be positive. While optimal provision of productive services is affected
neither by inequality nor by transfers, optimal provision of public consumption goods is
affected by inequality. When inequality exceeds the threshold level, lower income con-
centration leads to a smaller demand for transfers, lower taxation, and higher growth.
However, when inequality falls below the threshold level, we obtain an ambiguous relation
between income concentration and taxation, which is determined by the degree of substi-
tution between private and public consumption goods in household utility. If private and
public consumptions are complements (substitutes), a lower (higher) income concentration
leads to a higher (lower) demand for public goods and hence higher (lower) overall taxation,
which lowers (raises) growth.

The latter main result extends the previous analytical literature that derives a mono-
tonic relationship under one-dimensional voting. Our more general result that inequality
and growth could be negatively or positively related could be consistent with the ambigu-
ous or inconclusive results documented in the empirical literature on the inequality-growth
nexus. We have derived analytical policy functions that characterize the political-economy
equilibrium under multi-dimensional voting, which in many cases implied obtaining closed-
from solution for the policy instruments. The latter results were obtained by voting at the
initial period. Then we showed that when focusing on Markov-perfect equilibria, the policy
voted at time zero is stationary, i.e., it is time consistent.
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Appendix A: Politico-Economic Equilibrium with Voting at Time Zero
We define the utility function of the decisive voter

V(r1, 72, 73; ki, ko) = In(Ci) > B +1n(0) > 8" = MoIn(Cy) + My In(0)
t=0 t=0
The first-order conditions are
0InCy 0ln©
M M =0
0 87 1 + ! 87’ 1
0InCy 0ln®
M M =0
0 01y Y4 0719
| 1
MOO nCy Jeré? no® _0
87' 3 87’ 3

1
Given C; 9 = (acf +(1- a)gf’t> " (10) and (11), we get

861‘70

s V(] — o) R0
om = AT 715 " ko {(,@ 1)(1 —~o) "

391,0
37’1

8Ci70:A1in2ﬁk0 A-m-m-m) v (1_@(1_%7)7%,0 G
0T To

1 =
= Al—’YTQ_’Yk‘O

9InCo _ 1 p—19¢i0 ~1990 :
== ady 5=+ (1 —-a)g =1,2y3.
37']- (CO <ac7,,0 87']' + ( a)go 87'j ) fOT J 4 Y

Taking into account (10) we obtain

21 1—71—T2—7s
81n@_ (1-/70')A1—ry7_21 Y <( 1T22 J)ﬁ_l)
oy

1
1—m—71—T73)(1 —yo)AT 7,7
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1 e

0lno© —(1— AT~ 1)
an‘ _ ( '70') Ty - i,pamjzly&
" (I=71 =7 —m)(1—yo)AT7y "

Replacing in the first-order conditions

81nc0 and aan
7j Tj

a,cfol <(ﬁ -1 - 70)25) +(1—a)gh ' - 2C = =0

ks ) M
adly! [u ((1 —B)(1 - o) k’oo) + 7377] +(1—a)gg 2y Tler B

ki,O M, 1
aczO (1_(1_ﬂ)(1_70) k‘o) MO ZO\I}kO

'Y

where ¥ = (1—T1—7'2—T3)A1 77- 7 and pu = <w%_1)

T2
Marginal Single-Crossing Condition.
When multiplying both sides of later equations by kg, it is straightforward to show that

0%V (71,7m2,73;ki,0)ko 0%V (71,m2,73;ki,0)ko
ks 007, >0 for j =1,2 and BF: 0073 < 0.

From the first-order conditions, the following results are obtained

A=) (=A% (1-+9)la+1) +9)

Ta =
3 G+l +1) (1-(1-p)1-q0)ke)
1
where ¢ = (lf—a e
Convergence of ratio My / M;.
Given that 0 < § < 1 we know that My = 3272, 6" = 125 and My = 3%, 6" = 255
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M; = 0+8+282+36°+...
B(14268+ 38> +48° + ...)

= BA+B+A+5+..

B+5+6+ ...
+82 4+ 3 +..)

Let S = (1+ 8+ 3%+ 3 +...) then
M, = BA+B++3+.)S

1 1

- g

1-p1-0
Therefore, if we replace the ratio % = % in the political equilibrium, we obtain
. 1=7(1-p5)
T =

(1+9)

T =7

= 1= =B~ (¢+ B~ 79)ma)
’ (1+¢)(1 =1 =31 —70)1ma)

*

Appendix B: Politico-Economic Equilibrium with Voting at Time Zero and

with T3 — 0
We define the new utility function of the decisive voter
V(1. Taikio. ko) =Y ' In (Ci00') =) ' mCip+ Y 4" In®
t=0 t=0 t=0
1
p 1 e S

.
where Cip = (aﬁﬁo +(1- a)(ﬁA”Tz”/ﬂo)O G0 = (1—m —m)ATT, (1 -

~ ~ -
Y0 )kio — Okio; and © = (1 — 7ym2)(1 — ’ya)AﬁT;*”.
The first-order conditions are

O01nCy 9ln©
M =
87‘1 + ! 87’1 0

Mo
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After the corresponding substitutions, we get

_ k; _ 1
acﬁol ((ﬁ - 1)(1 - 70) ké)()) + (1 - a)gg t- l—ﬂﬂ@f’o\’i}k =0
0

mype kio , 73 7 1T Y g [t
i [M((l_ﬁ)(l_w Ro) Tmi—n) T L TGy, =0

~

~ 1 —l
where ¥ = (1 — 7 — 7'2)Aﬁ7-21*7 y = (7(17:_1242) ﬁ — 1>.
With a little algebra, we get

a <(1_’Y_Tf*)(l—vd)(l—,@)’l’]md>p:(1_ﬂ)(1_7)—1

*k *k
1—a 7] Ty

*k
Ty =7

Appendix C: Differentiation of the equation that characterizes the rela-
tionship between 7" and 71mgq

Ay Kk P _ _
Given equation % (Uzl%l)(l —~0)(1 — 5)77md> = % —1, the left-hand side

is always positive because parameters a, 3, v, o y 71 belong to [0, 1]. Given the latter, the
value of 7{* must satisfy the following condition

o <(1=p1=7).

Now we differentiate the equation that characterizes 7{* and obtain

ore w2 () (1= 90) (1 = ) ()™

8 m - _ _ a _ VL p—l
OB 4 pas o) (G (1= 90)(1 = 8)” (ma)?

The denominator of gf; can be re-written taking the equation that characterizes 7;*
and we get
_a (A—y—77)\P 1— 1_ P p=L( V201 _ oxx
o 1l () (UL=70) (1 =5))" (ma)?™ (777)°(1 = 7" =)
Mma A =N[A =)A=y =p)+(p—(1=5))m"]
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The sign of the numerator depends on the value of p. Now let’s analyze the sign of the

denominator
1=-8)1=71A=p)+(p— A=)

Case I: (1 —-7) < p < 1, the first term of the denominator is positive and the term
p—(1—=p)i

Case II: 0 < p < (1 — ﬁ), the first term of the denominator is posmve and the term
p — (1 — ) is negative. By contradiction, if 77* > %(1 — B)(1 — ) then the
denominator is negative. However, given that e (( ?8)) > 1, this contradicts the restriction

< (1 =B)(1 — 7). Therefore the denominator can not be negative an 877

Case III: —0co < p < 0, the first term of the denominator is positive and the term

— (1 = p) is negative. If 7* < ([)271)))(1 — )(1 — ~), the denominator and numerator

>0

are negative and therefore the

Appendix D: Politico-Economic Equilibrium with Sequential Voting.

The median voter faces the following problem in recursive version

0(kmd, k) = max1n Cng (¢md, 91) + B0(H™ (kina, 7), H(k, 7))

where H™?(k,,q,7) and H(k,7) are optimal decisions of gross saving of the average
and median agent, respectively; ¢,,q and g; are the consumption function of the median
agent and the supply function of the public good, respectively. The latter functions depend
on the political variable and the state variables

cma = Yo(T)k + 01(T)kma — H™ (kma, T)

and
g1 = Yo(7)E,
l-«a l1-a
where (1) = (1 — T)AéTQ *(I—a+ ), di(r) = (1 - T)@Aé@ o and ia(7) =
1-a
TlAéTQ o

To obtain the generalized Euler equation (GEE) of the median voter, we derive the
first-order conditions

0lnC,,q4
07']

Now we derive the Bellman equation with respect to k and k4

+ BupHe, + Bup, HET =0 j=1,2,3.

0InC,,q

5% + B He  j=1,2,3.

Ve =
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Oln Cmd
Vkpma = de

From the first-order conditions we obtain

+ v, HPd o =1,2,3.

kmad

dInC 1
B}, = <_nmd - ﬁv;mdm’;d> j=1,2,3.

or; Hr;
Then vy is
0InC,,q 0InC,,q Hg , a4 Hk )
— _ — m =1,2,3.
Vg ok 87'] H’rj ﬁvkdeTj H’Fj J » <y

From vy and vy, , we get

0InC,,4 1
v, = (v — m j=1,2,3.
v Fima < fm Okma > H?jd ’

Now v, can be expressed as

j=1,2,3.

O Cpg  9InCyug Hy, (v oln Cmd> HE H,
= - a0 kmd -

T ok or; H., Ohima ) HP9 Hy,

Shifting the latter equation one period forward

oInC . 9nC. , H,. amc. N\ HIE g,
U;{:: md md "tk _</ o md> J k ]:17273

vkm md
ok’ orl My C M, ) HpT

Replacing the latter equation in the first-order conditions, we obtain

md
OnCpy o) OIC,,  OWC My  OInC,, o 1y "
oT; oK’ i My Ok, HEHo (7T
J md J
HE 3,
Bup, | Hmd— LV j=1,23.

’
Hz}d HT{ J
md J

From the latter equation we obtain an expression for ﬁv;md, and we replace in v
follows

md

pe 2 OWCa [OCyy o fOICYy  OChy M | IC, HE |
P Dkma a7 ok’ o] M. | Ok, Hpl H. [
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-1

PGS ;

m J m ;

HTj - W@HTJ Hkmd- ] — 1’2’ 3.
ka J

Shifting the latter equation one period forward and replacing in the first-order condi-
tions we get the GEE of the median voter

md -1
dInC/ HEE
Q46 | =2l _ Q) x HTd _ j M., Hmd
I [ ak,:nd J 7 H’;Cn,’,d HTJ/_/ kmd

md

HI gy

md T k! . .

<HT_7, - T HT_,) —0 j=1,2,3
md J

where

md
Qj = Ol Cmd + 6 { oIn C{md _ dIn (C;nd Hk' dln (C;nd HTJ/ Hk/ } H‘rj

or; ok’ or; HTJ’- k] 4 Hgifd 'HTJI_

Case: Generalized Euler Equation with F(k;, k) = 7*
Now we derive a particular outcome of the GEE. Given that tax rate 7* is constant,
all variables grow at the same rate and we obtain
K = O(r*)k,
= o(t)k + Y1 (75)k; — O(7)k,and y
(C;/(CZ = C;/Ci = @(T*)

The derivatives of functions H? and H are

Hor = Ok
J J
Hi. = Opk;
J J
H o =0_sFK
J J

i /
HTT, — @Tfkl kl

7 J
Hk/ = HL/ = @(T*/)
If we substitute the latter derivatives into the GEE, the GEE is reduced to the expres-

md

sion €); since H’T?d— H%{; g’:; Hr, = 0. This simplification is possible because the conjecture
md J

that the tax rate is constant allows us to deduce that individual and aggregate saving grow

at the same rate and, therefore, it is redundant to consider k; and k in the value function.
The ratio k;/k is constant for all ¢ and, therefore, k is a linear transformation of k;.
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The GEE is

dnCpy . [OIWC,, onC,,  OnC.,
m ok — m m k
o7 ﬂ{ o 0T o T arr, MmO

T

S0k = Gk (Cha) ™ {a(ha) ™ o)+ (1= )(gh) o)

B () {alc oW + (1= g ()
@(7_) md md 1

olnC O, B B
ak;nddnmd@ ko= Wi)k;nd( ) {a(d,)? (7))}
GT; ! —p / p—1
- @(T)< md {a md) 1/11 d}
Therefore
61n(C;nd@ i 8ln(C;ml O T;‘( , )#( , ) = @T;
ok 7 3k7lnd Thmd 7 @() md md @(7’)
Moreover
dlnC!/, _ 1Oy _, 00
W/d = (CL0) p{a’(clmd)p lﬁkur(l—a)(gi)p laT,k/}

= (Cmd)_”(@(T))p@(ﬂ(@(T))p_l{a(c a)’” 1?9% +(1-a)(g) 2 k}

8 /
or or or;

- <<cmd>—f’{a<cmd> Mo (1- a)(gr)

Finally, the GEE of the median voter is

Oln Cmd @T?‘
+

(1-5) =
J
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Appendix E: Politico-Economic Equilibrium with Voting at Time Zero and
Conditional Transfers
Agent ¢ solves the following intertemporal problem

[ee]
max > B InCi(cir, g1.1)
=0

{eit}iZo —

subject to

Cit + kigp1 = (1 —79) rekiy + gb 4, dado ki,

Now transfers g4 are financed by a linear tax rate 73 (all agents pay without exception)
and those resources are distributed only to the poor. The poor are those endowed with a
capital stock below mean, k; < k. Furthermore, the distribution of transfers to the poor
will be inversely proportional to k;/k. Transfers must satisfy the following condition

951 =9 <1 — I;t> ,where ¢ >0
¢

Tax revenue should be equal to transfers delivered, i.e., T3y; = fok g(1 — s)f(s)ds.
Assuming that ratio n = % follows a Fisk or log-logistic distribution with scale parameter
a = 7Mmq and shape parameter § = 1. In this case, the probability distribution and

1

cumulative distribution functions are f(s) = ——7 and F(s) =

(Mma+s)? respectively.

_s
nmd"’s ’
Transfers are equal to

/okg“ T = {/ok T /ok o } o

1 Nhmd
cof ) o
g{nmd I\ T 9B(Nma)

Given that transfers must be equal to tax revenue then g = 73y;(B(9mnq)) ! Finally,
transfers are determined by

. _ kz
gir = 739 (Bima) (1 - k)

R
As shown in subsection 2.2, marginal productivity of capital is AT=77, " (1 — yo) and
1 Jile
production per capita is y, = AT=77, k.
Each agent solves his optimization problem taking as given equilibrium levels of public
spending, tax rates, and factor prices. The Euler equation for each agent 7 is

0

~

Q= St _ 8 <(1 - Tg)AﬁTQk7 (1—790)— 7'3Aﬁ72177 (B(nmd))_1> :

Cit
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Since we are dealing with a model of endogenous growth, © reflects that growth will
be affected by transfers unlike the model where transfers are lump sum (See Appendix A).

Replacing the Euler equation, government expenditure and marginal productivity of
capital in the agent’s budget constraint, we obtain

Ci,t = (\11 — @)k‘t
1 0
where ¥ = (1 — Tg)Al—WT;’"’ ((1 —yo)n; + (117379)(3(77,”,1;))_1(1 —n;)
The competitive economic equilibrium allows us to write the utility function of the
agent depending on © and Cy. Therefore, the problem faced by the decisive agent is the
following

oo oo oo
L. = 3 . ty — 3 ) t
max V(r1,75, 73 ki, ko) = ; B'In (C;00") = ; B'InCip+ ; t6'In©

e
where C; o = <a (T —O)ko)” + (1 — CL)(TlA%TQI_’Y ko)p) ’
Let Mo = ;2 8" and My Y ;2 t4" then the first-order conditions are

0InCy 0ln®
M M =
0 oy ! oy 0
0InCy 0ln©
M M =0
0 872 ! 67'2
MoalnCO Jer6?1n@ _ 0
87'3 87’3

Given C; 9, © and ¥, we obtain

862'0 1 = kz’O
= = AT T —1)(1-— :
S = AT T (6= 1)(1 - 70) 52

0 I "
89720 = AT 7 ko

v

(962‘70 _ AﬁTﬁko [((1 —T1 — T2 —Tg)

T2

9910
019

1—

1—vm
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aci70 — ﬁ -1 1,0 i
= AT7y ko |(B(nma)) T (1= (1= 8))7 =+ (B8 —1)(1 —yo)—
67’3 kO
dg10
013 =0
InG 1 p—19¢i0 p-1990 .
o7 ~ Co ( G0 Gy TETA0 G ) pera =12y 8.
.
Oln© —(1-— ’YU)AﬁT;_W
o 7

(1= 71— 72— 73)(1 = 70) = 73(B(ma)) 1) A7,

—T1—T2—T: T _ 1 %
omo  |(FEE 1) (1-90) - 25 B (Bpa) Y AT

o (1= 71— 75— 75)(1 = 70) — 75(B(ma)) 1) A7 717

pmo {0004 )

0 (1—m s — 73)(1 —70) — 15(B(ma)) 1) A=)

Substituting the latter equations in the first-order conditions, we obtain

—1 _ e ki gyt M, (1—~o)
“eho ((ﬁ D=7 )kio )+(1 )9 M0C£O((1—Tg)(l—’ya)—73(B(Umd))_1)A11ngluko

(1 =yo)p — Z(B(ma))

— =0
(1= 79)(1 = 50) = 73(B(1hma)) 1) AT 75 " ko

acfy! (<<B<nmd>>‘1<1 — (-850 + (8- 10 —w’“i”) -

ko
i (1=70) + (B(1hma)) " B
(1 =719)(1 = y0) = 13(B(Nma)) ™) AT 15 " ko

(17T17727T3)i_1>.

T2 1—v

where p = (
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After some algebra and considering that M%é = % (see appendix A), we obtain the
following

C+ guT h
(1=0) + (Blima)) B+ 9)

T =7

=215 ﬂ(z)—(:qb) P) <1+(1+5)

p -1
= (gpT—r
(1 =)ol + Bri=r <1 +(1+0) ((1_w>+<B<nmd)>1)ﬁ(1+¢)>
Bl+9)

, ~1
(fovi—r
(1 +(1+5) <<1w>+<B<nmd>)1>ﬁ<1+¢>> )
Bl +9¢)

_|_

T3 =

(1 =) =B~ 70)

1

where ¢ = (ﬁ) . X = (B(ma)) (1= (1— ﬁ)%) —(1-p0)(1- 70)%7

kg
= (1 — 1— ki + (1—vo) i = (1*5)(1i70)7+><(1*"/0) )
v= (1= =10 % + XT=a+ B Y ¢ (=) 10 b Iy

For every unit of tax revenue, the amount allocated to productive services is equal to
5.

Appendix F: Politico-Economic Equilibrium with Voting at Time Zero under
Constant Returns of Capital

In this context, we face an endogenous growth model a la Romer (1986). The production
function for a representative firm is

Yt = Akal}liaa

where k is the aggregate stock of capital and Romer asumes that it is proportional
to aggregate stock of knowledge. There are only two types of public expenditures: g; =
T1y¢ is public good consumption and g3 = 73y; are lump-sum transfers distributed to all
individuals.

Agent 7 solves the following intertemporal problem

o0
max Z B'InCiycir, g1,t)
{eie}iZo 12

subject to

Cit + kigy1 = (1 —79) (wy + 1ekig) + g3, given ko,
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where the agent’s income is taxed at a linear tax t; = 7 + 73.

Since firms operate in competitive factor market, factor prices are determined by

wy = (1 — a)Ak
e = A
The Euler equation for each agent is
e = ﬂ(l —T1 — Tg)OéA

Replacing the Euler equation in the budget constraint, we get

_ k;
Cit:(l—Tl—Tg)Ak (1—()4)—!—04*4-L — OFk;
’ k 1—7 — T3
The utility function of the decisive voter is
V(r1,731kio. ko) = > A'In (Ci00') =Y p'InCip+ > t4'InO
t=0 t=0 t=0

[

where B = <GCZO - a)(TlAEO)p) "1 o= (1—7 — m)A((1 — a)ko + akip +
T3 ]}0) — @ki,0§ and © = ,3(1 _— 7_3)0414'

1—11—73

The first-order conditions are

- ki -1 My o
! (~0- ) =all =)+ 0=l ~ Sl =

) kM a
rla(1-(1-p)=2) - ZLer P
aciy @ < ( B) k‘) M, 270((1 — 11— 13)aA + 1)ko

Given that M%; = % (see appendix A) and after the corresponding substitutions, we
obtain

*_l_ﬂ
Tl_l_i_(ba
* /8 *
=1- — —
T3 ae; 1,

where ¢, =1 — (1 — 3) kéoo
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