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Abstract: Reaction fronts propagating in liquids separate reacted from unreacted fluid. These
reactions may release heat, increasing the temperature of the propagating medium. As fronts
propagate, they will induce density changes leading to convection. Exothermic fronts that propagate
upward increase the temperature of the reacted fluid located underneath the front. For positive
expansion coefficients, the warmer fluid will tend to rise due to buoyancy. In the opposite case,
for fronts propagating downward with the warmer fluid on top, an unexpected thermally driven
instability can also take place. In this work, we carry out a linear stability analysis introducing
perturbations of fixed wavelength. We obtain a dispersion relation between the perturbation wave
number and its growth rate. For either direction of propagation, we find that the front is stable for
very short wavelengths, but is unstable for large enough wavelengths. We carry out a numerical
solution of a cubic reaction—diffusion-advection equation coupled to Navier-Stokes hydrodynamics
in a two-dimensional rectangular domain. We find transitions between the non-axisymmetric and
axisymmetric fronts increasing with the width of the domain.
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2024, 16,269. https:/ /doi.org/ an important role in diverse fields such as combustion [1-3], magnetohydrodynamics [4-6],
10.3390/sym16030269 and chemohydrodynamics [7,8]. The coupling of chemical reactions and hydrodynam-

ics led to the observation of new instabilities and pattern formation in the presence of
gravity. Experiments in the iodate—arsenous acid (IAA) reaction showed a transition to
convection due to thermal and compositional changes across the front [9,10]. Experiments
in the IAA reaction show flat reaction fronts propagating with constant speed in narrow
tubes [11]. Increasing the diameter of the tube, the flat fronts became unstable evolving
into curved fronts propagating with faster speeds. These fronts exhibit a transition from
nonaxisymmetric to axisymmetric shapes as the diameter is further increased. Theoretical
work accounted for the increase in speed and the front curvature in the limit of infinite

thermal diffusivity [12]. Further experiments in Hele-Shaw cells exhibit finger splitting due
to the combined thermal and compositional effects [13]. In the chlorite—tetrathionate (CT)
reaction, thermal and compositional effects determine growth rates for finger formation in
Hele-Shaw cells [14,15]. Further experiments for fronts in the CT reaction studied finger
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driven by thermal and compositional changes [21]. Fronts described by the Kuramoto—
Sivashinski equation exhibit hydrodynamic instabilities generated by thermal effects [22].
Mukherjee and Paul analyzed fronts propagating in externally driven fluid flows [23,24].
They showed that thermal and compositional changes associated with the reaction increase
the complexity of the front geometry.

In this manuscript, we consider reaction fronts separating reacted from unreacted
fluids at different temperatures. Here, we focus on the thermal effects without including
density changes due to chemical composition. The temperature difference is caused by
heat released or absorbed in the reaction front. An exothermic reaction front propagating
upward raises the temperature of the reacted fluid below the front. If the thermal expansion
coefficient is positive, such as in the case of water at room temperature, the fluid underneath
the front will have lower density. In this case, the less dense fluid will tend to rise, leading
to a hydrodynamic instability. However, if the exothermic front propagates downward,
with the less dense fluid above the front, an unexpected hydrodynamic instability may
take place. Previous works studied this instability in the context of fluids confined in
Hele-Shaw cells, modeling the hydrodynamics with Darcy’s Law [25,26]. They found the
conditions of instability as a function of compositional and thermal gradients, and a Lewis
number defined as the ratio between the thermal and molecular diffusivity. In this work, we
consider effects of temperature on the stability of fronts traveling in viscous fluids. In this
case, the stability of the front depends not only on a Lewis number and a Rayleigh number
proportional to thermal density gradients. It also depends on a Schmidt number, defined
as the ratio between the kinematic viscosity and the molecular diffusivity. In addition,
we solve the nonlinear reaction-diffusion-advection equations for fronts propagating in a
narrow rectangle resembling a two-dimensional tube. We found that near the instability,
convection leads to fronts propagating with steady shape and constant velocity. The shape
of these fronts can have different symmetries depending on the width of the domain and the
initial conditions. There is a region of bistability where either type of front can take place.

2. Equations of Motion

We study the vertical propagation of reaction fronts in viscous fluids. The chemical
front propagates along the vertical z direction, which points opposite to the gravity field.
In the vertical direction there are no boundaries, so therefore the front can propagate
indefinitely. We will set later the boundary conditions for the transverse direction. A
reaction—-diffusion-advection equation describes the time evolution of the front [27].

% +V-Ve =DV + f(c), (1)
where c is the concentration of an autocatalytic reaction, V is the fluid velocity, D is the
molecular diffusivity, and f(c) is the chemical reaction rate. In this work, we focus on the
cubic autocatalytic reaction used to model the iodate-arsenous acid system [27,28]. For this
reaction, we have f(c) = k.c?(co — c), where ¢y is the concentration of the reacted fluid,
and k. is a reaction rate constant. We use the Navier-Stokes equations in the Boussinesq
approximation to describe viscous hydrodynamics. In this approximation, the effects of
density variations are small except for in the large gravity term. Therefore, the continuity
equation reduces to

V.-V=0, )

and the momentum equation becomes

A% 1

VYV =——VP+1V2V — Loz, 3)
ot 00 ©0

Here, P is the pressure, pg is the mass density of the unreacted fluid initially at temperature
To, p is the fluid mass density, v is the kinematic viscosity, g is the magnitude of the
gravitational acceleration, and £ is a unit vector pointing along the z-axis. We consider
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only small amounts of heat involved in the reaction, leading to small density changes. As
a result, we assume a linear relation between the fluid density (o) and temperature (T)
given by

p =po(1—a(T —To)), (4)

where « is the thermal expansion coefficient at constant pressure. The temperature follows
an advection—-diffusion equation that includes a heat source:

DrQ
K

%+V-VT:DTVZT+

f(e). ®)
Here, Dt represents the thermal diffusivity and x represents the thermal conductivity.
The parameter Q corresponds to the heat released by the reaction. We introduce the
stream function ¢ and the vorticity w to solve this system for two-dimensional flow in
the x-z plane. From Equation (2), the velocity components of the fluid can be expressed
as Vy = dp/dz and V, = —dyP/0dx, and the vorticity is related to the stream function by
w = V2. Consequently, the Navier-Stokes equation [Equation (3)] can be written in terms
of the vorticity and stream function
dw  JYPdw IJP dw

o _opdw  9pow ooy 89
o ~oxoz azoax UV w+p0 ox’ ©)

It is convenient to introduce units for time T = (kccé) 71, and length ¢ = (DT)l/ 2, allowing
us to define dimensionless coordinates x’ = x /¢, ' = t/t. We also introduce dimensionless
variables ¢/ = ¢/~21, ' = wt,and ¢’ = c¢/co, T' = T/AT. Here, AT is the difference of
temperatures between the reacted and unreacted fluid far away from the front. In addition,
we define the dimensionless Schmidt number S, = v/ D, Lewis number L, = Dt/D, and
Rayleigh number

guAT(3
D )

Therefore, the equations of motion in dimensionless form, after dropping the primes, are
set as

Ra =

dc _ 9 dc 9y dc 2 201
% ~oxoz azaxtVete(—o ®

dw  dPow P ow 2 oT
3 T ax s asax TSViwtRaS, ©
and 9T
S VVT = LVPT+ (1 o). (10)

2.1. Linear Stability Analysis

We carry out a linear stability analysis to determine the stability of the flat front
solution, unbounded in the horizontal direction, by applying small perturbations to the
concentration ¢ = ¢(9) 4 ¢(1). Here, ¢(9) corresponds to the concentration for the flat front
solution without convection. Similarly, we introduce small perturbations to the temperature,
the stream function, and the vorticity. We study perturbations of fixed wavenumber
considering ¢! = ¢;(z)e” cos(qx), TV = T,(z)e” cos(qx), 1) = 1(z)e”* sin(qx), and
wl) = wq(z)e” sin(qx), where g and ¢ are the wavenumber and growth rate of the
perturbations. We use a reference frame co-moving with the convectionless flat front
traveling with constant speed vg in dimensionless units. Introducing this perturbation into
Equation (8), keeping only the linear terms, and projecting over the corresponding cosine
function, we obtain

dc© d2 d
ocg =qPyg Zz B qch + ﬁczq + c© (2 - 3C(0))Cq + Uog‘ (11)
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Similarly, by replacing the corresponding expression into the equation for the temperature
Equation (10), we obtain

41(0) d2T, T,
0Ty =g Yo - Lo q°T, + LE# +c© (2 - 3c(0))cq + 007;, (12)

from Equation (9), we have

2
d-wy

2 dwg
owyg = —S5cq a@—%SCW—qRaSCTq—!—UO?. (13)
and from the relation between vorticity and stream function

d>y
Wy =5 — 'y (14)

Given a wavenumber g, the linear system formed by Equations (11)-(14) leads to an
eigenvalue equation for the growth rate o with an infinite number of complex eigenvalues.
The stationary flat front solution will be stable if all of the eigenvalues have a negative real
part. Thus, to study the stability of the flat front solutions, we calculate the largest real part
of o for each wavenumber 4.

2.2. Nonlinear Equations

To study the nonlinear front propagation, we consider a two-dimensional rectangular
channel as a model of a vertical tube. The reaction starts at one end of the narrow rectangular
domain and propagates along the length of the channel. We consider stress-free boundary
conditions, so therefore the vorticity and the stream function are zero at the vertical walls.
We set no flow boundary conditions at the walls for the temperature and the concentration
(dc/0x = 0 and 0T /0x = 0). The temperature of the unreacted fluid far ahead of the front
corresponds to Tp = 0, while far behind the front the temperature remains unchanged
(0T /9z = 0). In the channel boundaries, we impose stress-free boundary conditions, so
therefore i = w = 0. With these boundary conditions, we can compare the results of the
linear stability analysis with the nonlinear calculations near the onset of convection.

3. Numerical Methods

We solve the two-dimensional Equations (8)—-(10) using finite difference approxima-
tions for spatial derivatives over a rectangular mesh. The time evolution is carried out using
the Euler method, considering the terms containing second derivatives implicitly, and the
remaining terms explicitly. We program the algorithms using the FORTRAN programming
language. We use a rectangular domain of length L, = 2600 and a variable width L. The
mesh size corresponds to Az = 0.5 in the vertical direction. We vary Ax to test different
widths, with the number of mesh points between 20 and 30 in the x direction. The time
evolution is calculated using a first order finite difference approximation with temporal
steps At = 0.001. Using this mesh size resulted in a flat front speed less than 0.3% different
than the analytical result of 1/+/2. We also tested our code for convective fronts with
smaller spatial increments finding that our results do not change significantly. The front
is initiated using a reacted concentration ¢ = 1 in half the length and ¢ = 0 in the other
half. The front travels consuming the unreacted concentration ¢ = 0. As the front moves a
certain distance, we shift all variables backwards, replacing the portion near the end of the
domain with unreacted concentration (¢ = 0), zero stream function (i = 0), and ambient
temperature (T = 0). This way the front can be kept away from the end of the channel. To
obtain the growth rate for the linear Equations (11)—(13), we also use finite differences over
a uniform mesh along the length L,. The equations are transformed into time evolution
equations, which after a long time lead to the variables growing exponentially with the
largest growth rate o.
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4. Results
4.1. Linear Stability Analysis

We study the stability of flat fronts calculating the dispersion relation ¢ versus g
from Equations (11)—(13). The dispersion relation ¢ versus g corresponds to the growth
rate with the largest real part for each wavenumber 4. Since experiments take place in
aqueous solutions, we can estimate the Schmidt number using the kinematic viscosity and
the molecular diffusivity of water at the appropriate temperature [29,30]. Therefore, the
Schmidt number can vary from 1246 at T = 4 °C to 138 at T = 50 °C. We set the Schmidt
number to S, = 400, which is close to experimental values for the iodate-arsenous acid
systems [9]. This value can be considered constant since the change in temperature across
the front is of the order of 0.1 °C. We use a Lewis number L, = 20 which is somewhat
larger than typical values for the CT reaction (L, = 10) [14,15,31], but smaller than values
for the IAA reaction (50 < L, < 70) [9,32]. In the case of an exothermic reaction with a
reaction front moving upwards, the warmer fluid is underneath the front. In this case,
the Rayleigh number is positive if the coefficient of thermal expansion « is positive thus
having the denser fluid on top. Figure 1 shows dispersion relations for positive Rayleigh
numbers (Ra) while keeping the Schmidt number constant (S. = 400). In this figure,
as we increase the wavenumber g away from g = 0, the largest real part of the growth
rate of the perturbations ¢ increases until it reaches a maximum positive value. It then
decreases, becoming zero at ¢ = gg, where it reaches critical stability. As we increase the
Rayleigh number (Ra), the value of the wavenumber at critical stability q¢ increases. The
maximum value of the growth rate 7;,4x also reaches higher values with increasing Rayleigh
numbers. In this figure, we also show the location of the maximum growth rate on the
dispersion relation curve (§ax, Cimax), Where gqx is the wavenumber corresponding to the
maximum value of the growth rate ¢,4x. This maximum on the dispersion relation curve
shifts towards greater wavenumbers as the Rayleigh number increases. Therefore, the flat
front becomes more unstable for larger values of Ra, since the range of wavenumbers with
positive growth rates increases. Figure 2 shows dispersion relations for different negative
Rayleigh numbers (Ra) having the same Schmidt number S, = 400. As the magnitude of the
Rayleigh number increases, the peak of the dispersion relation curves also shifts towards a
greater wavenumber. The value of g¢ also increases, reflecting an increase in instability for
larger absolute values of the Rayleigh number. We notice that the maximum values of ¢ are
larger for negative values of Ra ( Figure 1) than for positive values of Ra ( Figure 2). The
value of qg separates two regions of stability: perturbations with wavenumber g > g¢ will
decrease with time, while perturbations for g < gg will increase exponentially. We show in
Figure 3 the wavenumbers for critical stability gy as a function of Rayleigh numbers Ra,
while keeping the Schmidt number constant (S, = 400). For either positive or negative
Rayleigh numbers, the wavenumber g increases with an increasing absolute value of Ra.
Therefore, the region of instability of the flat front solution becomes larger as the magnitude
of the Rayleigh number increases. However, the increase in wavenumber g is somewhat
larger for negative Rayleigh numbers, compared to positive Rayleigh numbers of the same
absolute value. We notice that for Rayleigh numbers close to zero, the value of g is nonzero.
Consequently, very small Rayleigh numbers (positive or negative) can destabilize the front.
Previous studies show that this is the case for Darcy’s law hydrodynamics with positive
Rayleigh numbers, whereas negative Rayleigh numbers can destabilize the front for values
beyond a certain threshold, using smaller Lewis numbers [25].

The system of Equations (11)-(14) corresponds to eigenvalue equations for the growth
rate ¢ and the corresponding eigenfunctions for the concentration c;, the temperature Ty,
the stream function ¥, and the vorticity w,;. We continue to set the Schmidt number as
S¢ = 400. In Figure 4, we show the largest eigenvalues corresponding to the stream function
1, at the critical value defined by qo. Here, we compare the results for Ra = 2 and Ra = -2
with the front centered at the position where ¢y = 0.5. The eigenfunctions are normalized
such that the maximum absolute value of ¥, is equal to 1. For Ra = 2, we notice a positive
maximum value, followed by a minimum of negative value. This indicates convection
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forming above and below the front, with the strongest flow below the front. For Ra = -2,
the situation is similar, however, the positive maximum below the front is smaller, and the
negative minimum above the front is larger. Convection now will be stronger above the
front. Changing the sign of the eigenfunctions only reverses the direction of convective
flow, without modifying the strength of the convective flow. In Figure 5, we also compare
the eigenfunctions at the wavenumber for maximum growth rate (§uqx) for Ra = 2 and
Ra = —2. In the case of the negative value (Ra = —2), the stream function ¢, has a single
maximum, located slightly above the front. In contrast, for Ra = 2 there is a maximum
and a minimum, indicating convection above and below the front. The eigenvalues for the
stream function show that convection near the instability varies significantly depending on
the sign of Ra.

0.6
0.5
0.4
0.3
0.2
0.1
0
-0.1

Growth rate ¢

0 0.1 0.2 0.3
Wavenumber q

Figure 1. Dispersion relation for different positive Rayleigh numbers (Ra). The Schmidt number is set
to S¢ = 400. The orange curve displays the position of the maxima as the Rayleigh number varies.

2.5 1 1 1 1
Ra=—2 —
Ra=-1.5 =
o | Ra=—1 —— |
Ra=-0.5 =——
o
(O]
*@ 15}
<
5
O]
0.5
O 1 1

0 0.05 0.1 0.15 0.2 0.25
Wavenumber q

Figure 2. Dispersion relation for different negative Rayleigh numbers (Ra). The Schmidt number is
set to S = 400. The orange curve displays the position of the maxima as the Rayleigh number varies.



Symmetry 2024, 16, 269 7 of 16

0.35
< 03}
S
o 025}
E
> 0.2 |
[
2
@ O0.15}
3
_S 01}
S 005}
0 1 1 1 1 1 1

-6 4 -2 0 2 4 6 8 10
Rayleigh number (Ra)

Figure 3. The wavenumber g for critical stability (¢ = 0) for positive and negative Rayleigh numbers
(Ra). The Schmidt number is set to S, = 400.
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Figure 4. Eigenvalues for the coefficients of the stream function i, for o = 0. Here, qo = 0.1785 for
Ra =2 and gg = 0.2639 for Ra = —2. The eigenfunctions are scaled such that the maximum absolute
value of each function is equal to 1. The Schmidt number is set to S, = 400.
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Figure 5. Eigenvalues for the coefficients of the stream function ¢, at the maximum growth rate.
We show two cases, one with Ra = 2 (quax = 0.0495, ¢ = 0.27692) and another for Ra = -2
(max = 0.0424, o = 2.183). The eigenvalue curves have been rescaled such that the peaks equal unity.
The Schmidt number is set to S, = 400.
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We study the dependence of the transition to convection for flat fronts on the Schmidt
number. Figure 6 shows dispersion relations ¢ versus g with the same positive Rayleigh
numbers, but different Schmidt numbers. Figure 6a,b corresponds to Ra = 5 and Ra = 10,
respectively. The curves for S; = 400 and S, = 4000 are close to each other, compared to
the other curves. The values for the wavenumber at critical stability (go) are almost the
same in all curves, except for S; = 4 where it is somewhat larger. In each figure, we notice
that larger Schmidt numbers lead to larger maximum values of the growth rate ;5. We
also display the trajectory of guax as the Schmidt number varies. It shows that g4y reaches
a maximum value as a function of S;. This behavior is similar in both Figure 6a,b, but for a
given value of g, the value of ¢ is larger for Ra = 10.

T 0.5 T
0.3
0.4
0.2 03
© 0.1 © 02H
ofF 0.1
0 -
-0.1
L L L L L —0.1 L L L L L
0 005 01 015 02 025 03 0 005 01 015 02 025 03
q q

(@) (b)
Figure 6. The dispersion relation ¢ versus g for different values of the Schmidt number (S.). The
orange curve displays the position of the maxima as the Schmidt number varies. (a) The Rayleigh
number Ra = 5. (b) The Rayleigh number Ra = 10.

In Figure 7, we display dispersion relations for different Schmidt numbers, while
keeping the same value of the negative Rayleigh number. Figure 7ab corresponds to
Ra = —1 and Ra = —2, respectively. The curves are similar to each other and to the
previous Figure 6 where the Rayleigh number is positive. The dispersion relations increase
from zero at near q = 0, reaching a maximum value at g,x, then becoming negative after
a critical wavenumber gy. Compared with positive Rayleigh numbers, the values of the
maximum growth rate oy,4y are larger for negative Rayleigh numbers. This is significant
when considering that the absolute values of Ra are smaller in Figure 7. We also display
the trajectory of the wavenumber for maximum growth rate, showing that it reaches a
maximum value as the Schmidt number varies. While the wavenumber g,,,,» Varies, the
values for critical stability gy are very close in each figure. For Ra = —1, the value of
qo is close to 0.2, and for Ra = —2, its value is close to 0.25. For each Ra, the curves
are very close to each other for large g, but the behavior is different near the origin. The
dispersion relations yield higher values for ¢ if the Schmidt number increases. In contrast
with Figure 6, the curves differ further as we increase S, from 400 to 4000. Although the
curves have similar shape, their behavior as a function of S, is different for Ra < 0 than for
Ra > 0. This may indicate that approximating the hydrodynamic equations in the large S,
limit may not lead to accurate results for Ra < 0.
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025 0.3 0 0.05 01 015 02 025 03

(a) (b)
Figure 7. The dispersion relation ¢ versus g for different values of the Schmidt number (S.). The
orange curve displays the position of the maxima as the Schmidt number varies. (a) The Rayleigh
number Ra = —1. (b) The Rayleigh number Ra = —2.

As we increase the Schmidt number, the peaks on the dispersion relations shift slightly
towards smaller values of the wavenumber g while the heights of the peaks increase
considerably. However, the wavenumber corresponding to the critical stability value
(0 = 0) occurs near g = 0.2, independently of the Schmidt number. For greater values of the
wavenumber (g > qo), there is no quantitative difference in the dispersion relation obtained
with different Schmidt numbers. When we increase the magnitude of the negative Rayleigh
number (Ra = —2), the growth rate 0y,,4x of the dispersion relations reaches higher values
as shown in Figure 7b, as compared to the previous case (Ra = —1). As we increase the
Schmidt number, the peaks on the dispersion relation shift towards smaller values of the
wavenumber g. However, the wavenumber corresponding to the critical stability value
(o = 0) appears near g = 0.25 and remains at this value independently of the Schmidt
number used to obtain the dispersion relation. The increment of the Schmidt number
increases the slope of the dispersion relations near g = 0. Thus, a high value of the Schmidt
number contributes to destabilizing the flat front solutions when they are subject to small
perturbations of long wavelength.

We study the effects of the Schmidt number on the linear stability analysis by calcu-
lating the maximum values of the growth rate 0y,,, and the corresponding wavenumber
(Gmax ). We analyze these values, keeping the Rayleigh number constant while varying the
Schmidt number. In Figure 8, we show the values of g,;4x as a function of the Schmidt
number, whereby each curve corresponds to a different Rayleigh number. In all curves, as
the Schmidt number increases from S. = 0.5, the value of g,y increases until it reaches a
maximum. For positive Rayleigh numbers, the values of g,,,x become almost constant for
large values of S.. However, for negative Rayleigh numbers, g,y continues to decrease
significantly at larger S.. We notice that the curve for Ra = 10 is above the curve for Ra =5,
indicating that perturbations with a shorter wavelength will grow faster if the Rayleigh
number is higher. This is also the case for the curves with negative Rayleigh numbers,
considering the absolute value of Ra since the curve with Ra = —2 is above the one with
Ra = —1. We show in Figure 9 the dependence of 0y,,x as a function of S.. The values of
Omax for a given Ra increase monotonically as a function of S.. However, for Ra > 0, the
curves appear to reach a constant value for large S¢. In contrast, the curves for Ra < 0
increase more rapidly for larger S.. This result shows that using a large Schmidt number
approximation (Stokes flow) may provide good results for positive Ra. For negative Ra,
Figure 9 shows that the results continue to vary at large S..
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0.02 | .
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Figure 8. Wavenumber g,,,4x corresponding to the maximum growth rate (0;4x) on the dispersion
relation as a function of the Schmidt number (S;) for different Rayleigh numbers (Ra). In the case
of negative Rayleigh numbers, g4 continues to decrease for large values of S;, while for positive
Rayleigh numbers, they approach a constant value.

5 1 1 1 1 1

4 | i
. 3 | Ra=10 —— !
8 Ra=5 ——
o Ra=-1

2  Ra=-2 7

1 | -

O ] /Llé: ] ]

04 1 10 100 1000
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Figure 9. The maximum value of the growth rate (0;,4x) on the dispersion relation as a function of the
Schmidt number (S.) for different Rayleigh numbers (Ra). In the case of negative Rayleigh numbers,
Tmax continues to increase for large values of S.. While for positive Rayleigh numbers, they approach
a constant value.

4.2. Nonlinear Front Propagation

We set a reaction front to propagate in a narrow rectangular domain resembling a
two-dimensional tube. An exothermic front propagating upwards with a positive Rayleigh
number has a less dense fluid underneath a denser fluid in regions away from the front.
We find that for narrow widths, convection does not take place, and the flat front is a stable
solution. As the width of the domain widens, the flat front loses stability. For stress-free
boundary conditions, the results of the linear stability analysis can be used to obtain the
critical width for the onset of convection. This width corresponds to Ly = 7/, where
qo is the wavenumber for critical instability (¢ = 0). Increasing the width beyond this
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critical width, the front develops a constant shape, propagating with constant velocity. The
speed of this front is higher than the flat front speed due to convection. Slightly above this
critical width, convection evolves into two counterrotating convective rolls, one above the
other. These rolls are steady in a reference frame traveling with the front (Figure 10). In this
system, buoyancy drives the formation of convection. For each roll, the less dense fluid
rises near a domain wall, with heavier fluid falling on the opposite wall. The resulting
curved front is higher on one side of the channel. Although the lower roll is stronger, the
front is affected by both, leading to a nonaxisymmetric shape. Here, we define the central
axis as a vertical line equidistant from the walls. In Figure 11a, we show a nonaxisymmetric
reaction front formed at a domain width slightly above the critical width. Figure 12 shows
the speeds of fronts with steady shape as a function of domain width. We notice the sudden
increase in speed at the transition from the flat to the nonaxisymmetric front. Increasing the
width of the domain further, we find that the speed of the front increases until it reaches a
maximum speed. As we continue to increase the width, the speed decreases, reaching a
value where the nonaxisymmetric front loses stability. At this point, there is a transition
to an axisymmetric front. The axisymmetric front is lifted higher on the axis, and lower
at the walls, as shown in Figure 11b. We track the axisymmetric solutions using it as an
initial condition, varying the width only slightly. By repeating this, we find axisymmetric
solutions for different widths, up to a width of L, = 100. Continuing towards smaller
widths, the solution loses stability around Ly = 48, where the front makes a transition to the
nonaxisymmetric branch. Figure 12 shows a region of bistability between the axisymmetric
and nonaxisymmetric fronts. In this region, the speed of the axisymmetric fronts is higher,
except for a small interval. This interval is near the intersection of the two branches in
Figure 12. We point out that the speeds of the axisymmetric fronts are almost the same as
the speeds of a nonaxisymmetric front evaluated at half the width. This indicates that the
axisymmetric front corresponds to a nonaxisymmetric solution and its mirrored reflection,
placed side by side, as suggested by Figure 12. However, the stability conditions for each
branch are different.
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Figure 10. Stream function near a nonaxisymmetric reaction front showing two convective counterro-

tating rolls. The roll underneath the front is stronger than the one above. The black line represents
the position of the front, set at a level where the concentration c is 0.2.
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Figure 11. Reaction front profiles formed above the critical width. The Rayleigh number is set to
Ra = 1.2. The color map represents the dimensionless concentration c. (a) A nonaxisymmetric front
develops for a domain width of Ly = 30. (b) An axisymmetric front develops for a domain width of
Ly = 60.
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Figure 12. Front speed for different domain widths (Ly). There is a region of bistability between the
axisymmetric and nonaxisymmetric fronts. The Rayleigh number is set to Ra = 1.2.

We can characterize the strength of the convective flow with the maximum absolute
value of the stream function (||,ax). Figure 13 displays this value as a function of width
for the axisymmetric and nonaxisymmetric solutions. In each branch, |i|uqx increases
monotonically, contrary to the speed (Figure 12) that reaches a maximum in each case.
We also point out that the values of ||y for the axisymmetric branch correspond to the
values of the nonaxsimmetric branch evaluated at half the width.

We also calculate the speed of the front as a function of width for the negative Rayleigh
number Ra = —1.2. In this case, we also find a nonaxisymmetric front just above the onset
of convection, as shown in Figure 14. The speed increases monotonically, up to a width
where the solution does not show a constant shape. In this branch, the solutions have higher
speeds compared to the solution with the positive Rayleigh number of the same magnitude
(Figure 12). In contrast, we did not find a region of bistability with an axisymmetric state.
The axisymmetric solutions appear over a smaller width interval compared to Figure 12.
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Figure 13. Maximum absolute value of the stream function |i|yay for different widths Ly of the
domain. There is a region of bistability between the axisymmetric and nonaxisymmetric fronts. The
Rayleigh number is set to Ra = 1.2.
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Figure 14. Front speed for different domain widths (Ly). The Rayleigh number is set to Ra = —1.2.

5. Discussion

We studied the hydrodynamic stability of reaction fronts in viscous fluids due to
heat released or absorbed by the reaction. The fronts obey a reaction—diffusion—advection
equation with cubic autocatalysis. The stability of the fronts propagating in viscous fluids
depends on three dimensionless numbers: a Rayleigh number (Ra), a Schmidt number
(S¢), and a Lewis number (L,). In this work, we kept the Lewis number equal to 20. The
Rayleigh number can be either positive or negative depending on the type of heat transfer
from the reaction, the direction of propagation, and the sign of the thermal expansion
coefficient. The linear stability analysis shows that unbounded fronts will always be
unstable, regardless of the Rayleigh number (positive or negative). For a given Rayleigh
number, the dispersion relation ¢ versus g depends on the value of the Schmidt number.
We observed that the maximum growth rate 0,4y increases with the increasing magnitude
of Ra. However, for higher Schmidt numbers, they become closer to each other for Ra > 0,
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while becoming further apart for Ra < 0. This shows the importance of the Schmidt
number for front propagation. Numerical solutions of the full nonlinear equations showed
a transition to convection for fronts propagating vertically in narrow rectangular domains.
The transition takes place as the width of the domain increases. When the flat front becomes
unstable, the system evolves into fronts of constant shape and speed. Near the transition,
the fronts take a nonaxisymmetric shape, with one side of the front raised above the other.
The speed increases as the width of the domain increases, until the front loses stability.
For positive Rayleigh numbers, the front becomes a steady axisymmetric front. In this
case, we found a region of bistability between the axisymmetric and nonaxisymmetric
fronts. For negative Rayleigh numbers, the front becomes nonaxisymmetric near the flat
front instability. Increasing the width leads to fronts with complex behavior. Further
theoretical work may characterize these time-dependent states. Experiments in the JAA
reaction [9,13], the CT reaction [15,17], and the Fe(Il)-Ni reaction [20] determined the
importance of thermally driven convection in propagating fronts. The present theory
accounts for convection due to thermal effects. In the case of fronts propagating upwards in
the IAA reaction, we find a critical wavelength (A = 27t/qg) equal to 0.36 cm, comparable
to the value of 0.52 cm obtained using the eikonal relation [33]. These results validate the
conclusion that compositional gradients drive the flat front instability, since experiments
estimate a value of A = 1.29 mm [9]. Another important conclusion from this work is
that thermal effects drive convection in fronts propagating upward and downward. This
conclusion is relevant to experiments in the CT reaction where removing thermal effects
showed a reduced instability for propagating fronts in either direction [17]. A direct
quantitative comparison with the experiments would require compositional effects, as
well as heat losses in each particular geometry. Experiments can be designed where the
exothermicity of the reaction is higher, such as in the case of combustion.

6. Conclusions

In summary, we found that upward and downward propagating reaction fronts in
liquids become unstable due to heat released by the reaction. This leads to an unexpected
instability where the less dense fluid is above the denser fluid. We showed that for large
Schmidt numbers and positve Rayleigh numbers, the critical wavelengths approach a
constant value. However, for negative Rayleigh numbers these values diverge. This theory
is relevant to previous experiments with exothermic reactions. Further theoretical work
should include the effects due to compositional gradients, as well as the particular geometry
of the system.
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