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Abstract. Let X be a T -skeletal variety, that is, a complex algebraic
variety where a complex torus T acts with only finitely many fixed points
and invariant curves. By a result of Goresky, Kottwtiz and MacPher-
son, the equivariant cohomology of X can be read off from the associated
graph of fixed points and invariant curves. The purpose of this paper is
to compute explicitly and combinatorially the equivariant cohomology
of certain projective toric surfaces and projective homogeneous spaces.
In all these cases the equivariant cohomology is known to be a free mod-
ule over a polynomial ring, and we provide explicit combinatorial and
geometric bases for such modules. Furthermore, we exhibit an efficient
algorithm to obtain such bases from a suitable order relation on the
associated graph.
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1. Introduction

Let T be a complex algebraic torus. Let X be a T -skeletal variety, that
is, a complex algebraic variety where T acts with only finitely many fixed
points and invariant curves. Examples include flag varieties, toric varieties,
and more generally, equivariant embeddings of reductive groups [Ti], [G2].
Goresky, Kottwitz and MacPherson [GKM] developed a theory, called GKM

Key words and phrases. algebraic torus actions, cellular decompositions, equivariant
cohomology, GKM theory, GKM graphs.
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theory, that makes it possible to describe the equivariant cohomology of
X, denoted H∗T (X), assuming certain technical conditions are met. Coho-
mology here is considered with rational coefficients. GKM theory states
the following: if X is a complete T -skeletal variety whose cohomology van-
ishes in odd degrees, then the pullback to fixed points yields an injection
i∗ : H∗T (X) → H∗T (XT ), and the image can be described in terms of the
combinatorial data coming from the fixed points and T -invariant curves.
Consequently, H∗T (X) is identified with a ring of piecewise polynomial func-
tions PP ∗T (X) on the associated GKM graph Γ, i.e. the graph of fixed points
and invariant curves (Theorem 2.23). Moreover, in this case, regardless of
whether or not X is smooth, polynomial ring PP ∗T (X) is a free module over
the equivariant cohomology of a point (Lemma 2.26). Henceforth exten-
sive research has been undertaken to obtain explicit combinatorial bases for
these modules that take into account both, the geometry of the objects un-
der study and the combinatorics of the GKM graph. For an overview of
the research done in this area, as well as many explicit examples that high-
light the combinatorial/algorithmical aspects of the theory, see the papers
of Tymoczko [Ty], Brion [Br1], and Guillemin and Zara [GZ1], [GZ2].

GKM theory was initially applied, for the most part, to the cases when
X is smooth and projective. Then, by a result of Bialynicki-Birula [B1],
X admits a filtration by (disjoint, locally closed) affine spaces: the cells
of the fixed points. This yields a basis of the equivariant cohomology ring
of X as a free module over the equivariant cohomology ring of a point.
Moreover, the GKM data coming from the invariant points and curves has
been explicitly determined for interesting classes of smooth projective T -
skeletal varieties: flag varieties (Carrell [Ti]), toric varieties (Danilov [D])
and equivariant embeddings of reductive groups (Brion [Br1] and Uma [U]).
Later on, GKM theory was extended to incorporate a large class of possibly
singular varieties, namely, Q-filtrable varieties, by work of Gonzales [G1].
This class includes rationally smooth projective embeddings of reductive
groups, and their equivariant cohomology and corresponding GKM data
has been computed in [G2].

Explicit computations of equivariant cohomology rings in terms of GKM
graphs are of particular interest not only to mathematicians but also to com-
puter scientists and engineers working at the crossroads of discrete mathe-
matics and geometric applications. See for instance [GZ1], [GZ2], the work
of Sturmfels [S] and the references therein.

The purpose of this project is compute explicitly and combinatorially the
equivariant cohomology H∗T (X), in the following cases:

(1) When X is a projective smooth toric surface, in particular, for the
projective plane and the Hirzebruch surface. See Examples 3.1 and
3.4.
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(2) When X is projective 3-space. See Examples 3.2 and 3.3. In Exam-
ple 3.3 we consider P3 as the wonderful compactification of PGL2,
and use the induced torus action to describe the cohomology.

(3) When X is flag variety G/B or a partial flag variety G/P . In partic-
ular, we deal here with the case of GL3/B and Gr(2, 4) (the Grass-
mannian of planes through the origin in C4). See Examples 3.5 and
3.6.

In all cases (1) to (3), the equivariant cohomology has been described
in very general terms in the references mentioned previously. Nevertheless,
our goal is to provide explicit and combinatorial descriptions of these rings.
These calculations will be relevant to people working in algebraic geometry
and combinatorics. Finally, we develop an efficient algorithm to find such
bases from a suitable order relation on the associated graph. This follows
closely an algorithm stated in [Ty]. The algorithm and pseudo-code devel-
oped here should be of interest to people in Computer Science. We remark
that for varieties where the the BB-decomposition (see Section 2.4) is not
stratifiable (e.g. Example 3.4), then the present algorithm needs to be im-
proved. We plan to do so by using the associated filtration and the notion
of local indices developed in [G1]. This shall allow us to deal with singular
varieties as well. The results will appear elsewhere.

This paper is organized as follows. In Section 2 we review the main notions
and results from torus action on algebraic varieties needed for our study, in
particular those related to cellular decompositions and GKM theory. In
Section 3 we apply the theory from Section 2 to some concrete examples
and describe in explicit combinatorial terms the equivariant cohomology (or
graph cohomology) of an important class of T -skeletal varieties (Definition
2.22). Finally, in Section 4 we state the algorithm and pseudo-code produced
and motivated by the explicit computations done in Section 3.

Acknowledgments. The research in this paper was done within the scope
of the 2019 Undergraduate Research Program: Programa de Apoyo a la Ini-
ciación en la Investigación (PAIN), funded by Dirección General de Investi-
gación (DGI-PUCP). We would like to thank DGI-PUCP for their support.
We would also like to thank our advisor, Richard Gonzales, for his invaluable
help.

2. Preliminaries

2.1. Group actions. Our reference for the material in this section is [L].
Let G be a group. Broadly speaking, an action of G on a set X is a mech-
anism that allows group elements to move around the points of X (that is,
G acts on X through symmetries). A precise definition is given next.

Definition 2.1. Let G be a group. Let X be a set. An action of G on X
is a map

µ : G×X → X, (g, x) 7→ g · x
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that satisfies the following properties:

• e · x = x, for all x ∈ X, where e ∈ G is the identity element of G.
• (g · h) · x = g · (h · x), for all g, h ∈ G, and all x ∈ X.

A set X with an action of G is also called a G-set.

Definition 2.2. Let G be a group acting on a set X. Let x be a point of
X. The orbit of x is the subset of X defined by

O(x) = {y ∈ X | y = g · x for some g ∈ G}

Equivalently,

O(x) = {g · x | g ∈ G}.

In other words, the orbit of x consists of all the elements in X that can
be reached from x under the action of G.

Note that when a group G acts on a set X, each point x of X has an
orbit, and this orbit is a subset of X. Furthermore, the action of G on X
yields a partition of X into disjoint orbits, where each orbit consists of the
points that can be moved to each other by the group action.

Definition 2.3. Let X be a G-set. Consider a point x ∈ X. The stabilizer
of x is the subgroup of G defined by

Stab(x) = {g ∈ G | g · x = x}.

In other words, a group element g is in Stab(x) if it does not move the
point x.

Remark 2.4. Let X be a G-set. If x ∈ X, then the map ϕ : G → O(x),
g 7→ g · x, induces a bijection

ϕ : G/Stab(x)→ O(x),

by letting ϕ(g · Stab(x)) = g · x. Hence, the coset space G/Stab(x) and the
orbit O(x) are isomorphic (as G-sets). We write

G/Stab(x) ' O(x)

to refer to this isomorphism or bijection of sets. See [L] for more details.

In particular, if the action of G on X is transitive (i.e. if there is only one
orbit), then X is isomorphic to G/Stab(x), for some x ∈ X.

Definition 2.5. Let X be a G-set. A point x ∈ X is called a fixed point if
g · x = x, for all g ∈ G. Equivalently, x ∈ X is a fixed point if Stab(x) = G.

In plain words, x is a fixed point of the action if it cannot be moved
around by any element of G. The set of fixed points is denoted by XG.

Definition 2.6. Let X be a G-set. Let Y be a subset of X. We say that Y
is G-invariant if for all g ∈ G and all y ∈ Y , we have g · y ∈ Y .
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Informally speaking, a subset Y is G-invariant if the group elements move
around the points of Y without making them land outside of Y .

It follows from the definition that a G-invariant subset is also a G-set
(because it admits an induced action of G).

Definition 2.7. Let X be a G-set. We denote by X/G the set of orbits of
the action, and call X/G the orbit space or quotient space. That is,

X/G = {O(x) | x ∈ X}

For simplicity, the points of X/G are often written as [x], so that [x] = [y]
if and only if O(x) = O(y). Hence, as mentioned before,

X =
⊔

[x]∈X/G

O(x) (disjoint union).

Example 2.8. Let G be the multiplicative group C−{0} (this group is also
denoted by C∗). Let V denote the vector space Cn+1. Consider the action
of G on V given by

t · (x0, x1, . . . , xn) = (tx0, tx1, . . . , txn),

where t ∈ G and x = (x0, . . . , xn) ∈ V .

It is easily checked that 0 ∈ V is the only fixed point of the action. On
the other hand, if x ∈ V and x 6= 0, then Stab(x) = {1}. Moreover, if x ∈ V
and x 6= 0, then the orbit of x consists of all non-zero multiples of x. Put
another way, if Lx denotes the line in Cn+1 that passes through 0 and x,
then O(x) = Lx − {0}.

Now let X = V − {0} (with the induced action of G). Consider the orbit
space X/G. This orbit space is called the complex projective space
Pn. By construction, Pn parametrizes the set of lines that pass through the
origin in Cn+1. A point of Pn is denoted by its homogeneous coordinates
[x0 : x1 : . . . : xn]. Thus [x0 : x1 : . . . : xn] and [y0 : y1 : . . . : yn] represent
the same point of Pn if and only if (y0, y1, . . . , yn) = (λx0, λx1, . . . , λxn) for
some λ ∈ C∗. For instance, [1 : 1 : 2] = [2 : 2 : 4] and [−1 : 0 : 1] = [i : 0 : −i]
in P2. Likewise, [0 : 0 : π] = [0 : 0 : 1] in P2. Furthermore, by construction,
[x0 : x1 : . . . : xn] are homogeneous coordinates of a point in Pn if and only if
at least one of the coordinates xi is nonzero (equivalently, the xi’s cannot be
simultaneously zero). Hence, the homogeneous coordinates in Pn emphasize
the fact that a line through the origin in Cn+1 is uniquely determined by its
direction.

2.2. Complex Projective Space. We mention here some important prop-
erties of projective space. Let Pn be (complex) projective space, with ho-
mogeneous coordinates [x0 : x1 : x2 : ... : xn]. Recall that the coordinates xi
cannot be simultaneously zero. For each i = 0, 1, . . . , n, let

Ui = {[x0 : x1 : . . . : xn] ∈ Pn | xi 6= 0}
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Clearly,
Ui = {[x0 : . . . : xi−1 : 1 : xi+1 : . . . : an] ∈ Pn}.

In other words, each Ui is isomorphic to a copy of Cn embedded in Pn. It
follows that we have a natural covering of Pn by affine patches or (affine
charts):

Pn =
n⋃

i=0

Ui.

Hence, we can view Pn as a global object built up from the union of n + 1
(overlapping) affines patches, each corresponding to a copy of Cn embedded
in Pn. Note that every point of Pn lies in at least one affine patch.

For instance, let us describe the situation in the particular case of P2. Let
P = [x : y : z] be a point in P2.

• If x 6= 0, then [x : y : z] = [1 : y
x : z

x ], since both coordinates

correspond to the same direction. Therefore, ( yx , z
x) ∈ C2.

• If y 6= 0, then [x : y : z] = [xy : 1 : z
y ], since they yield the same

direction. Therefore, (xy , z
y ) ∈ C2.

• If z 6= 0, then [x : y : z] and [xz : y
z : 1] correspond to the same

direction, that is, [x : y : z] = [xz : y
z : 1]. Therefore, (xz , y

z ) ∈ C2.

Thus, P2 is the union of three copies of C2. Moreover, observe that there
are transition functions between these charts or local coordinates. Indeed, if
a point P ∈ P2 lies on both Ux and Uy, then P has two seemingly different
local representations: it can be written as [1 : y

x : z
x ] in Ux, whereas it

can be written as [xy : 1 : z
y ] in Uy. Nevertheless, these two viewpoints are

related: to pass from the representation in Ux to the one in Uy we use the
transition function multiplication by x

y . Clearly, we multiply by y
x to pass

from Uy to Ux. The general situation for arbitrary Pn is quite similar. Just
as a surface or, more generally, a manifold, we can view projective space as
being locally defined in terms of affine patches and transition functions that
allow to transfer information between them, whenever they overlap. See [H].

Back to the general case, for each i, let Hi be the complement of Ui,
namely Hi = Pn − Ui = {xi = 0}. Note that each Hi corresponds to a copy
of Pn−1 embedded in Pn. The various Hi are called canonical hyperplanes
in Pn. If we pick a hyperplane, say H0, we can partition Pn as

Pn = U0 tH0 ' Cn t Pn−1,

and repeating this process we get

Pn = Cn t Cn−1 t · · · t C t {pt},
where pt represents a single point in Pn. Consequently, projective space
Pn has a cell decomposition and can be build inductively from Pn−1. After
introducing projective varieties in the next section we shall go back to this
idea of decomposing a variety into affine cells.
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2.3. Algebraic varieties. We recollect a few basic notions on algebraic
varieties. For a complete treatment of the subject, and proofs of the results
stated here, the reader is invited to consult [H, Chapter 1].

Definition 2.9. Let C[x1, . . . , xn] be the ring of polynomials in n variables
over C.

(1) For a set S ⊂ C[x1, . . . , xn] of polynomials, the affine variety given
by S is defined as

V (S) = {p ∈ Cn | f(p) = 0 for all f ∈ S}.
(2) A subset X ⊆ Cn is called an affine variety if X is the affine

algebraic variety given by a set S ⊂ C[x1, . . . , xn] of polynomials.

Affine varieties are also called affine algebraic varieties. An affine variety
V (S) can be described as the common zeros of the polynomials in S. In-
tuitively, an affine variety is a subset of Cn which is “cut out” from Cn by
some collection of polynomials.

When the set S consists of a single polynomial f , then we write V (f) for
the corresponding variety. In this case, the affine variety V (f) is called a
hypersurface in Cn.

By Hilbert’s Basis Theorem, every affine variety can in fact be written as
V (I) for some finite collection I of polynomials. In other words, every affine
variety in Cn can be obtained by intersecting a finite number of hypersurfaces
in Cn.

Next we describe the class of objects most important for our purposes.

Definition 2.10. Let C[x0, . . . , xn] be the ring of polynomials in n + 1
variables over C.

(1) Let S be any set of homogeneous polynomials in C[x0, x1, . . . , xn].
The projective variety associated to S is defined as

V (S) = {p ∈ Pn | f(p) = 0 for all f ∈ S}.
(2) A subsetX ⊆ Pn is called a projective variety ifX is the projective

variety associated to some set S ⊂ C[x0, x1, . . . , xn] of homogeneous
polynomials.

Projective varieties are also called projective algebraic varieties. By the
homogeneous version of Hilbert’s Basis Theorem, every projective variety
can be written as V (J) for some finite collection of homogeneous polyno-
mials. Hence, as in the affine case, every projective variety in Pn can be
described as a finite intersection of homogeneous hypersurfaces in Pn.

It can be shown that: (i) the union of two projective varieties is a pro-
jective variety, (ii) the intersection of any family of projective varieties is
a projective variety, and (iii) the empty set and Pn are projective varieties
(indeed ∅ = V (1) and Pn = V (0)). Thus, by declaring projective varieties as
the closed subsets of Pn, we get the Zariski topology of Pn. In this context,
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the closed subsets of Pn are of the form V (S), and the open subsets of Pn

are of the form Pn − V (S), for some subset S of homogeneous polynomials
(i.e. the open subsets of Pn are the complements of projective varieties).
For more details, see [H].

Let Z be any subset of Pn. The closure Z of Z in Pn is defined as the
smallest projective variety in Pn that contains Z. More concretly, Z = V (IY )
where IY is the set of all homogeneous polynomials that vanish at Z.

By the discussion of Subsection 2.2, if Y ⊂ Cn is an affine variety, we can
embed it in Pn by identifying Cn with the affine patch U0 of Pn. We can
then take the projective closure Y of Y in Pn. Hence, we can consider an
affine variety Y ⊂ Cn as being embedded in the projective variety Y ⊂ Pn,
as an open subset. Furthermore, it can be shown that any projective variety
can be written as a finite union of affine varieties, much in the same way as
we described Pn as a union of affine charts in Section 2.2. See [H].

In the context of algebraic varieties it is possible to define the notion of
dimension of a projective variety X = V (S). Informally speaking, this refers
to the local number of variables needed to describe X. We refer to [H] for
the appropriate definition. For us, it suffices to state the following facts:

• The (complex) dimension of Cn and Pn is n.

• The dimension of a hypersurface V (f) ⊂ Pn is n − 1. Similarly, the
dimension of an affine hypersurface V (g) ⊂ Cn is n− 1.

• If G is a group, H a closed subgroup, and G/H is a variety, then the
dimension of G/H is dim(G)− dimH. This shall apply in particular to the
orbits of an algebraic group acting on a projective variety.

There is also the notion of smooth variety. Since for the most part
we work with either hypersurfaces or homogeneous spaces (spaces where a
group acts transitively), we only state the following facts.
• Cn and Pn are smooth varieties. In fact, any open subset of these

varieties is smooth.
• A hypersurface V (f) ⊂ Pn is smooth if and only if the gradient of f does

not vanish anywhere in V (f), that is, ∇f(P ) = ( ∂f
∂x0

(P ), . . . , ∂f
∂xn

(P )) 6= ~0,

for all P ∈ V (f). Similarly for smooth affine hypersurfaces.
• If G is a group, and H a closed subgroup, then G/H is a quasiprojective

variety (i.e. an open subset of a projective variety). Moreover, G/H is
smooth.

Next we provide some additional concrete examples relevant to our study.

Example 2.11. Let n be a nonnegative integer. The Hirzebruch surface
F(n) is the subvariety of P2 × P1 defined by

F(n) = {([x0 : x1 : x2], [y1 : y2]) ∈ P2 × P1 | x1y
n
1 = x2y

n
2 }.

The Hirzebruch surface is a smooth projective variety. It is worth mentioning
the following facts (see [H]):

• F(0) = P1 × P1.
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• F(1) = Bl(P2), the blow-up of P2 at the point [1 : 0 : 0].
• F(n) and F(m) are not isomorphic (as projective varieties) if n 6= m.

It is also a well-known fact that P2 is not isomorphic to any of the Hirzebruch
surfaces (see e.g. Example 2.19).

The surface Fn comes equipped with an important family of rational pro-
jective curves (i.e. curves isomorphic to P1). For later use, we shall describe
them here. Let πn : Fn → P1 be the map given by projection to the sec-
ond factor. It is known that πn is a P1-bundle. Denote by L0 and L∞ the
fibers over [1 : 0] and [0 : 1] respectively. On the other hand, consider the
morphism ϕn : Fn → P2 given by the first projection. Distinguished curves
are C− = ϕ−1([1 : 0 : 0]) and C+ = ϕ−1([0 : x1 : x2]). These four curves
L0, L∞, C+, C− of Fn shall reappear later on when we consider torus actions
on varieties.

Example 2.12. Let G be GLn, the group of invertible n× n matrices. Let
F be the set of complete flags in Cn. That is, the elements of F are nested
chains

V0 ⊂ V1 ⊂ V2 ⊂ . . . ⊂ Vn,
of linear subspaces of Cn, where dim(Vi) = i, for i = 0, 1, . . . , n.

Note that G acts naturally on F . Let x ∈ F be the canonical flag

0 ⊂ 〈e1〉 ⊂ 〈e1, e2〉 ⊂ . . . ⊂ 〈e1, e2, . . . , en〉,
where {e1, . . . , en} is the canonical basis of Cn. One easily checks that the
stabilizer of x is the subgroup B ⊂ G that consists of the upper triangular
matrices. Since this action is transitive, we get F ' G/B (as sets). It is
known that this is an isomorphism of varieties (see e.g. [Hu]). The smooth
projective variety F is called the full flag variety of G. It has dimension
n(n−1)

2 .

Example 2.13. Consider P5 with homogeneous coordinates [x1 : x2 : x3 :
y1 : y2 : y3]. Let g be the homogeneous polynomial

g(x1, x2, x3, y1, y2, y3) = x1y1 + x2y2 + x3y3

Then V (g), the zero locus of g in P5, is a projective smooth variety of
dimension 4. It corresponds to the Plücker embedding of the Grassmannian
Gr(2, 4) in P5. The Grassmannian Gr(2, 4) parametrizes planes through the
origin in C4.

Projective spaces together with the algebraic varieties in Examples 2.11,
2.12, 2.13 form our class of standard examples in the sequel.

2.4. Torus actions on varieties. An algebraic group is an algebraic variety
G equipped with the structure of a group, such that the group operations
(multiplication and taking inverses) are morphisms of varieties (i.e. are
defined locally by polynomials). Likewise, an action of an algebraic group
G on a variety X is an action µ : G×X → X which is also a morphism of
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varieties. In this context, a G-variety is a variety with an action of G. We
refer to [Hu] for the appropriate details. In this paper, we shall work mostly
with algebraic tori. An algebraic torus T is an algebraic group isomorphic
to (C∗)d (with the usual multiplication).

Let T = (C∗)d be an algebraic torus. A character of T is a homomor-
phism (of algebraic groups) from T to C∗. If χ : T → C∗ is a character, then
there are integers a1, . . . , ad ∈ Z such that the following holds

χ(t1, . . . , td) = ta11 · · · t
ad
d .

See [Hu]. The d-tuple (a1, . . . , ad) ∈ Zd is called the weight of the character
χ, and each character is uniquely identified by its weight. Hence, we often
refer to a character of T as a weight of T . The set of characters of T
forms a group under pointwise multiplication. We write ∆ for the group of
characters of T .

A one-parameter subgroup of T is a homomorphism λ : C∗ → T . Any
one-parameter subgroup of T can be written uniquely as λ(s) = (sb1 , . . . , sbd),
for some integers b1, . . . , bd ∈ Z. See [Hu]. The set of one-parameter sub-
groups of T forms a group under pointwise multiplication. This group is
denoted by ∆∗.

Now let λ ∈ ∆∗ and χ ∈ ∆. Then χ ◦ λ is a character of C∗. Hence,
(χ ◦ λ)(s) = sr, for some integer r. We shall denote this integer by 〈λ, χ〉.
One easily checks that

〈λ, χ〉 = (a1, . . . , ad) · (b1, . . . , bd) = a1b1 + . . . adbd.

Consequently, we get a natural pairing between ∆∗ and ∆ defined by

〈 , 〉 : ∆∗ ×∆→ Z, (λ, χ) 7→ 〈λ, χ〉.

Example 2.14. Let T = (C∗)d be a torus. Let Pn be projective space. It is
a well-known fact from the theory of algebraic groups that any (algebraic)
torus action on Pn can be written as

t · [x0, x1, . . . , xn] = [χ0(t)x0 : χ1 (t)x1, . . . , χn(t)xn],

for some weights χ0, χ1, . . . , χn of T . See [Hu]. See also Section 3 for more
concrete examples in this vein.

Convention: Henceforth, we shall assume that the projective T -varieties
under consideration admit a T -equivariant embedding into some projective
space PN , where T acts on PN as in Example 2.14. This assumption is ful-
filled by T -stable subvarieties of normal (e.g. smooth) projective T -varieties
[Su].

2.4.1. The Bia lynicki-Birula decomposition. The results in this subsection
are due to Bialynicki-Birula [B1], [B2]. We focus on the case of torus actions
with only a finite number of fixed points, since this suffices for our purposes.

Let T be an algebraic torus. Let X be a projective T -variety with only
finitely many fixed points. We write XT = {x1, . . . , xm}. A one-parameter
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subgroup λ : C∗ → T is called generic if XC∗
= XT , where C∗ acts on

X via λ. Generic one-parameter subgroups always exist. (See Subsection
2.4.2).

Now fix a generic one-parameter subgroup λ of T . For each i, define the
subset

W+(xi, λ) = {x ∈ X | lim
t→0

λ(t) · x = xi}.

Note that the cells W+(xi, λ), obtained using λ, are T -invariant. Moreover,
since X is projective, the (disjoint) union of these cells covers all of X, that
is,

X =
⊔
i=1

W+(xi, λ).

The decomposition {W+(xi, λ)}mi=1 is called the (plus) Bialynicki-Birula de-
composition, or BB-decomposition, of X associated to λ. Each W+(xi, λ)
is called a cell of the decomposition.

Similarly, one can define the minus decomposition of X, taking as corre-
sponding cells

W−(xi, λ) = {x ∈ X | lim
t→∞

λ(t) · x = xi}.

Accordingly, one obtains a corresponding (minus) BB-decomposition of X.

Definition 2.15. Let X be a T -variety with XT finite. Let {W+(xi, λ)}mi=1
be the BB-decomposition associated to some generic one-parameter sub-
group λ of T . The decomposition {W+(xi, λ)} is called filtrable if there
exists a finite increasing sequence Σ0 ⊂ Σ1 ⊂ . . . ⊂ Σm of T -invariant closed
subvarieties of X such that:

a) Σ0 = ∅, Σm = X,

b) Σj\Σj−1 is a cell of the decomposition {W+(xi, λ)}, for each j = 1, . . . ,m.

We shall call Σj the j-th filtered piece of X. In this context, it is common
to say that X is filtrable. If, moreover, the cells W+(xi, λ) are isomorphic
to affine spaces Cni , then X is called T -cellular.

Clearly, one can also define the previous notions replacing the plus BB-
decomposition with the minus BB-decomposition, as the reader can easily
check.

Theorem 2.16 ([B1], [B2]). Let X be a projective T -variety with only
finitely many fixed points. Let λ be a generic one-parameter subgroup. Then
the associated BB-decompositions {W+(xi, λ)} and {W−(xi, λ)} are filtrable.
Furthermore, if X is smooth, then X is T -cellular. �

Let X be a projective T -variety with only a finite number of fixed points.
If X is smooth, then Theorem 2.16 implies that X can be build inductively
from affine spaces, by moving up in the filtration and attaching one cell at
a time. This process is systematic and preserves cohomology in lower and
higher degrees at each step. A more precise statement is given next. For a
proof, see [B1].
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Corollary 2.17. Let X be a projective T -variety with only a finite number
of fixed points. If X is T -cellular, then X has vanishing odd cohomology
over the rationals, and the dimension of H2k(X), the cohomology group of
X in even degree 2k, equals the number of affine cells of complex dimension
k. Furthermore, dimQH

∗(X) = |XT |, where |XT | denotes the number of
fixed points. �

Recall that the dimension of the vector space Hk(X) is also called the
k-th Betti number of X, and it is denoted by bk = bk(X). Hence, the
previous result asserts that if X is a smooth projective T -variety with XT

finite, then X has a paving by affine cells, the odd Betti numbers b2k+1 are
zero, and the even Betti numbers b2k are obtained by counting the number
of cells in X of the form Ck.

2.4.2. Generic one-parameter subgroups. Let X be a projective T -variety. A
one-parameter subgroup λ : C∗ → T is called generic if XC∗

= XT , where
C∗ acts on X via λ. We prove here that generic one-parameter subgroups
always exist. We provide an argument only for the case of interest to us,
namely for T -skeletal varieties, and refer to [Br1], [G3] for the general case.
If X is T -skeletal, then there are finitely many characters χ1, . . . , χk of T
associated to the T -invariant curves of X. So we can choose a one-parameter
subgroup λ : C∗ → T such that 〈λ, χi〉 6= 0 for all i = 1, . . . , k. One easily
checks that XC∗

= XT , that is, λ is generic.

A choice of generic one-parameter subgroup is equivalent to a choice a
weight vector w = (w1, . . . , wd) (the weight of λ) such that w is not or-
thogonal to the vector weights v1, . . . ,vk of the characters χ1, . . . , χk of T .
The weight vector w of a generic one-parameter subgroup is often called a
polarizing vector of the action.

Let X be a smooth projective T -variety with finitely many fixed points.
Choosing a generic λ yields a paving of X by affine spaces or cells (Theorem
2.16 and Corollary 2.17).

2.4.3. Examples of BB-decompositions. We apply the results on torus ac-
tions and cellular decompositions developed in this subsection to four basic
examples.

Example 2.18. A basic example is Pn. Let T = C∗, and choose integers
a0 < a1 < . . . < an. Now define a T -action on Pn via

s · [x0, x1, . . . , xn] = [sa0x0 : sa1x1 : . . . : sanxn].

The fixed points are the points [e0], [e1], . . . , [en] of Pn corresponding to the
coordinate lines in Cn+1, namely, [ei] = [0 : . . . : 0 : 1 : 0 : . . . : 0], where
there is exactly one nonzero entry in the i-th position, for i = 0, 1, . . . , n.
For a given i, the associated cell is

W+(ei) = {[0 : 0 : . . . : 1 : xi+1, . . . , xn]}
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where xi+1 : . . . : xn are arbitrary complex numbers. Thus W+(ei) is iso-
morphic to Cn−i.

In accordance with Theorem 2.16, this cellular decomposition can be fil-
tered as follows. For each i, let Xi =

⋃
j≥iW+(ej). Then we get a nested

sequence of closed T -invariant subvarieties

X0 ⊃ X1 ⊃ . . . Xn−1 ⊃ Xn = {[en]}.
Note that this induces a total ordering of the fixed points:

e0 ≥ e1 ≥ . . . ≥ en
We can be even more explicit about the filtration described above. Indeed,

each Xi is a projective space of smaller dimension. That is, the filtration
above corresponds to the filtration

Pn ⊃ Pn−1 ⊃ . . . ⊃ P1 ⊃ {pt},
already known from Subsection 2.2.

Likewise, the minus decomposition reads as follows. For a given i, we get

W−(ei) = {[x0 : x1 : . . . : xi−1 : 1 : 0 : 0 . . . : 0]}
where x0, . . . , xi−1 are arbitrary complex numbers. Thus W−(ei) is isomor-
phic to Ci. This decomposition is filtrable. Indeed, let Zi =

⋃
j≤iW−(ej).

Thus each Zi is a closed T -stable subvariety of Pn and we have

{e0} = Z0 ⊂ Z1 ⊂ . . . ⊂ Zn−1 ⊂ Zn = Pn.

Once again, this corresponds to the canonical filtration of Pn by lower di-
mensional projective spaces. In this case, the total ordering of the fixed
points is the following:

e0 ≤ e1 ≤ . . . ≤ en.
Finally, from Corollary 2.17 it follows that the odd Betti numbers of Pn

are zero, and the even Betti numbers of Pn are equal to 1. The next diagram
describes pictorially this cell decomposition for the case n = 3:

pt

C

C2

C3

Example 2.19. Let Fn be the Hirzebruch surface defined in Example 2.11.
Consider the C∗-action on F(n) given by

t · ([x0 : x1 : x2], [y1 : y2]) = ([tnx0 : t2nx1 : x2], [y1 : t2y2]).

The fixed points are the points

x = ([0 : 0 : 1], [1 : 0]),
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y = ([0 : 1 : 0], [0 : 1]),

z = ([1 : 0 : 0], [1 : 0]),

and

w = ([1 : 0 : 0], [0 : 1]).

The BB-cells associated to these fixed points are:

• Cy = {y}
• Cw = {([1 : x1 : 0], [0 : 1]) | x1 ∈ C} ' C
• Cz = {([1 : 0 : 0], [1 : y2]) | y2 ∈ C} ' C
• Cx = {([x0 : yn2 : 1], [1 : y2]) | x0, y2 ∈ C} ' C2

From Corollary 2.17 it follows that the odd Betti numbers of Fn are zero,
and the even Betti numbers of Fn are b0 = 1, b2 = 2, b4 = 1. Clearly, Fn

is not isomorphic to P2, since they have different Betti numbers. Moreover,
with the notation of Example 2.11, one easily checks that C− = Cz and
L∞ = Cw. It follows that L∞ and C− freely generate the (co)homology
group H2(Fn).

In this case, the associated filtration of Fn by closed subvarieties is (The-
orem 2.16):

Zy ⊆ Zw ⊆ Zz ⊆ Zx

where

Zy = {y}

Zw − Zy = Cw

Zz − Zw = Cz

and

Zx − Zz = Cx.

Thus, using this action, we get a total order of the fixed points:

y ≤ w ≤ z ≤ x.

Note that we can get the reverse ordering by considering the minus BB-
decomposition, as we saw in the previous example.

Pictorially, we have

C2

Cz Cw

{y}

In this case, the BB-decomposition is not a stratification (i.e. the closure
of cells are not unions of cells). See [B2].
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Example 2.20. Let G = GLn. Denote by B the subgroup of upper trian-
gular matrices, and by B− the subgroup of lower triangular matrices. As we
mentioned in Example 2.12, the quotient space G/B is a smooth projective
variety, called the (full) flag variety of G. An elementary result from linear
algebra asserts the following: given a matrix A ∈ G, there are matrices L,
P and U , where P is a (unique) permutation matrix, L is a lower triangular
matrix (i.e. L ∈ B−) and U is an upper triangular matrix (i.e. U ∈ B), such
that A can be written as A = LPU . In other words, any invertible matrix
A can be reduced by a sequence of elementary row and column operations
into a permutation matrix (recall that multiplying by L codifies elementary
row operations performed only in a downwards fashion, whereas multiplying
by U codifies column operations, where we move solely from left to right).
Let w0 be the permutation matrix

w0 =

( 1
1

...
1

)
.

Since B− = w0Bw0, the result mentioned in the previous paragraph implies
the Bruhat decomposition of an invertible matrix A. Namely, A can be
written as a product A = U1PU2, for appropriate upper triangular matrices
U1, U2, and a unique matrix permutation P . From here it follows that

G =
⊔
s∈Sn

B · s ·B−,

where Sn is the symmetric group or permutation group. (Note that B and
B− can be exchanged appropriately in the decomposition of G by using
w0.) In particular, we obtained the associated Bruhat decomposition of
the flag variety G/B, namely G/B =

⊔
s∈Sn

B[s]. It is well-known that

the cells B[s] are isomorphic to affine spaces C`(w). See [Hu]. Moreover,
the maximal torus T of G (corresponding to the diagonal matrices) acts on
G/B with finitely many fixed points and T -invariant curves (i.e. G/B is
T -skeletal, see next Subsection 2.5). By choosing an appropriate generic
subgroup λ it is possible to show that the Bruhat cells B[s] correspond to
the plus decomposition of G/B induced by λ. See e.g. [Br1].

Next we display that Bruhat cells associated to GL/B for the case n = 3.
The T -fixed points are the 6 permutation matrices in S3. We write on the left
the fixed points and their associated Bruhat cells. The entries labelled ∗ refer
to a free variable, and the fixed points are obtained by letting these entries
to be zero. On the right we picture the dimension of the corresponding cell.
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(
1 0 0
0 1 0
0 0 1

)

(
1 0 0
0 ∗ 1
0 1 0

)

(
∗ 1 0
∗ 0 1
1 0 0

)

(
∗ ∗ 1
∗ 1 0
1 0 0

)

(
∗ ∗ 1
1 0 0
0 1 0

)

(
∗ 1 0
1 0 0
0 0 1

)

{pt}

C

C2

C3

C2

C

Hence, in this case the Betti numbers of F are b0 = 1, b2 = 2, b4 = 2, b6 = 1,
and no odd Betti numbers. This example is worked out in more detail in
Example 3.5.

Example 2.21. Let Gr(2, 4) be a Grassmannian of 2-dimensional linear
subspaces in C4. As mentioned in Example 2.13, the Plücker embedding
allows us to identify Gr(2, 4) with the hypersurface

x1y1 + x2y2 + x3y3 = 0

in P5. Now consider the following action of T = C∗ on Gr(2, 4):

t · (x1, x2, x3, y1, y2, y3) = (t6x1, t
3x2, t

4x3, y1, t
3y2, t

2y3).

There are 6 fixed points, the points [e1], [e2], . . . , [e6] ∈ P5 corresponding
to the coordinate lines in C6 (cf. Example 2.18). The corresponding plus
BB-cells are given displayed below. The plus cells are pictured on the left di-
agram, and their corresponding fixed points are drawn on the right diagram,
matching them.

C4

C3

C2C2

C

{pt}

[e4]

[e6]

[e2][e5]

[e3]

[e1]

As a result, the Betti numbers are: b0 = 1, b2 = 1, b4 = 2, b6 = 1 and
b8 = 1, and no odd cohomology. In Example 3.6 we compute the equivariant
cohomology of this variety under an action of a three-dimensional torus.

2.5. Equivariant Cohomology and GKM theory. Equivariant coho-
mology is a tool that incorporates the group action into the description of
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the topological properties (i.e. cohomology) of a G-space. We shall give a
quick overview of the subject, focusing on the case of T -skeletal varieties
(Definition 2.22). For these varieties, equivariant cohomology can be de-
scribed quite combinatorially from the associated graph of fixed points and
invariant curves (Theorem 2.23). Hence, for our purposes, Theorem 2.23
could be taken as the definition of equivariant cohomology for T -skeletal
varieties.

Let T = (C∗)d be an algebraic torus. Let S denote the symmetric algebra
over Q of the character group ∆ of T . In other words, S is isomorphic
to Q[x1, . . . , xd], the polynomial ring in d variables over Q. Under this
isomorphism a character χ of T , with weight (a1, . . . , ad), is identified with
with the linear polynomial a1x1 + a2x2 + . . .+ adxd ∈ Q[x1, . . . , xd].

For a T -variety X, we denote by iT : XT → X the inclusion of the fixed
point set. The (rational) T -equivariant cohomology of a T -variety X is
denoted by H∗T (X). The T -equivariant cohomology of a point identifies to
S. Thus, H∗T (X) is an algebra over S. See [Bo] and [Br1] for more details.

We recall some basic facts and nomenclature from [GKM] and [G1].

Definition 2.22. Let X be a projective T -variety. Let µ : T ×X → X be
the action map. We say that µ is a T -skeletal action if XT is finite, and
the number of one-dimensional orbits of T in X is finite. In this context,
X is called a T -skeletal variety. The associated graph of fixed points and
invariant curves is called the GKM graph of X. We shall denote this graph
by Γ(X).

Let X be a T -skeletal variety. We write XT = {x1, . . . , xm}. Now, as
mentioned previously, one can associate to X a ring PPT (X) of piece-
wise polynomial functions. This ring is defined using solely the combi-
natorial information of the graph Γ(X). We recall the construction here.
Let H∗T (XT ) =

⊕
x∈XT Sx, where Sx is a copy of the polynomial ring

S = Q[x1, . . . , xd]. We define PPT (X) as the subalgebra of H∗T (XT ) = Sm

given by

PPT (X) = {(f1, . . . , fm) ∈ Sm | fi − fj is divisible by χi,j}

where xi and xj are the two fixed points in the closure of the one-dimensional
T -orbit Ci,j , and χi,j is the character of T associated with Ci,j . The char-
acter χi,j is uniquely determined up to sign (permuting the two fixed points
changes χi,j to its opposite).

For a T -skeletal variety X, the GKM data of X is the data of T -fixed
points, T -stable curves, and the corresponding characters of T associated to
these curves. The GKM data of X is the information needed to construct
PPT (X).

Let X be a T -skeletal variety. One is interested in determining under what
conditions PPT (X) actually encodes all the information of the equivariant
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cohomology H∗T (X). In other words, if X is T -skeletal, can we recover geo-
metric information about X from the combinatorial data of Γ(X)? The next
result provides an answer to this question. It is due to Goresky, Kottwitz
and MacPherson, and it is the main theorem in our setting.

Theorem 2.23 ([GKM, Theorem 1.2.2]). Let X be a T -skeletal variety. If
X has no cohomology in odd degrees, then the restriction map

i∗T : H∗T (X)→ H∗T (XT )

is injective, and it induces an isomorphism between H∗T (X) and PPT (X).

A T -skeletal variety that satisfies the hypothesis of Theorem 2.23 is called
a GKM variety.

Notation: We shall interpret the image of i∗T as the set of all maps

ϕ : XT → S

such that ϕ(xi) − ϕ(xj) is divisible by χ whenever xi and xj are connected
by an irreducible invariant curve where T acts through the character χ.

Remark 2.24. Theorem 2.23 applies to smooth T -skeletal varieties, and
more generally to T -skeletal varieties that are also T -cellular, due to the
Bialynicki-Birula decomposition (Corollary 2.17).

Remark 2.25. Let X be a smooth T -skeletal variety of dimension n. If
x ∈ X is a fixed point, then there are exactly n invariant curves passing
through x. This implies that the GKM graph of a smooth T -skeletal variety
X is regular (i.e. at each vertex there are exactly dim(X) edges passing
through it). See e.g. [Br1].

The following lemma asserts that if X is a GKM -variety, then PPT (X)
is free module over S of rank |XT |, where |XT | denotes the number of fixed
points. So any basis of the S-module PPT (X) has |XT | elements.

Lemma 2.26. [GKM] Let X be a T -variety. Suppose that X has no coho-
mology in odd degrees and that, for the induced T -action, XT is finite. Then
H∗T (X) is a free module over S, and its rank satisfies

rankSH
∗
T (X) = dimQH

∗(X) = |XT |,
�

In Section 3 we shall provide concrete examples of GKM -varieties and
compute, explicitly, bases for the corresponding equivariant cohomology
PPT (X).

3. Process to obtain the equivariant cohomology

Based on the results of Section 2, given smooth T -skeletal variety X, the
process to compute its equivariant cohomology PPT (X) can be summarized
in the following steps.
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(1) Compute the fixed points
(2) Calculate the invariant curves
(3) Calculate the stabilizers (of invariant curves)
(4) Associate the action to a graph
(5) Assign polynomials to each edge (the weights of the corresponding

invariant curves)
(6) Obtain the associated algebraic object (by solving the imposed di-

visibility conditions)
(7) Describe the equivariant cohomology

The purpose of this section is to illustrate this procedure in some concrete
cases. Examples 3.1, 3.5 and 3.6 are based on [Ty]. For simplicity, we take
cohomology with complex coefficients in this section.

Example 3.1. Let T=(C∗)2 act on P2 via:

(t, s).[x : y : z] = [x : ty : sz].

We find all orbits of this action, their respective stabilizers, and as a result,
get the equivariant cohomology H∗T (X) [Ty]. In this example we illustrate
step by step the process outlined at the beginning of this Section.

(1) Fixed Points: [1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]

(2) Orbits when x = 0, or y = 0, or z = 0 (i.e. looking for orbits on the
lines at infinity), or when all variables are nonzero (i.e. looking for
orbits that lie on the complement of the union of the lines at infinity)

• x = 0
O[0 : a : b] = O[0 : 1 : c] = O[0 : 1 : 1]
O[0 : a : b] = {[x : y : z] = (t, s).[0 : 1 : 1] | ∀t, s ∈ C∗}
O[0 : a : b] = {[x : y : z] = [0 : t : s]}

• y = 0
O[a : 0 : b] = O[1 : 0 : c] = O[1 : 0 : 1]
O[a : 0 : b] = {[x : y : z] = (t, s).[1 : 0 : 1] | ∀t, s ∈ C∗}
O[0 : a : b] = {[x : y : z] = [1 : 0 : s]}

• z = 0
O[a : b : 0] = O[1 : c : 0] = O[1 : 1 : 0]
O[a : b : 0] = {[x : y : z] = (t, s).[1 : 1 : 0] | ∀t, s ∈ C∗}
O[0 : a : b] = {[x : y : z] = [1 : t : 0]}

• x 6= 0, y 6= 0, z 6= 0
O[x : y : z] = O[1 : 1 : 1]. Indeed,
O[1 : 1 : 1] = {[x : y : z] ∈ P2 | [x : y : z] = (t, s) · [1 : 1 : 1]} =
{[x : y : z] = [1 : t : s]}∀s, t ∈ C∗.
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Hence, all points in the complement of the lines at infinity lie
in one (open) orbit.

(3) Stabilizers. For each orbit found above, we calculate the correspond-
ing stabilizer
• [0 : 1 : 1]

Stab[0 : 1 : 1] = {(t, s) ∈ (C∗)2 | (t, s).[0 : 1 : 1] = [0 : 1 : 1]}
Stab[0 : 1 : 1] = {(t, t) | t ∈ (C∗)} → t = s↔ ts−1 = 1

• [1 : 1 : 0]
Stab[1 : 1 : 0] = (t, s) · [1 : 1 : 0] = [1 : 1 : 0] = [1 : t : 0]→ t = 1.
Stab[1 : 1 : 0] = {(t, s) ∈ (C∗)2|t = 1} = {(1, s), s ∈ C∗}.

• [1 : 0 : 1]
Stab[1 : 0 : 1] = {(t, s) ∈ (C∗)2 | (t, s).[1 : 0 : 1] = [1 : 0 : 1]}
Stab[1 : 0 : 1] = {(t, s) ∈ (C∗)2|s = 1} = {(t, 1), t ∈ C∗}.

• x 6= 0, y 6= 0, z 6= 0
Stab[1 : 1 : 1] = {(1, 1)}. Thus is orbit is isomorphic to T .

To sum up, the action of T=(C∗)2 on CP 2 has seven orbits: an
open orbit isomorphic to T , three invariant curves, and three are
fixed points. For our description, we only need the invariant curves
and fixed points. Furthermore, each curve comes with an associated
stabilizer (described by a weight of T ). Figure 1 encodes our findings.

[0 : 0 : 1]

[1 : 0 : 0] [0 : 1 : 0]

s = 1

t = 1

t = s

Figure 1. Variety X

(4) Associate the action to a graph
We get the weights corresponding to the stabilizers found in the pre-
vious step.
(t, s ∈ C∗)
• t = s→ ts−1 = 1→ (1,−1)
• t = 1→ t = 1→ (1, 0)
• s = 1→ s = 1→ (0, 1)
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[
1 : 0 : 0

] [
0 : 1 : 0

]

[
0 : 0 : 1

]

(1, 0)

(1,−1)(0, 1)

Figure 2. Graph associated to the action

(5) Define polynomials for each edge
For each weight found, associate its polynomial in S = C[x, y].

• (1,−1)→ x− y
• (1, 0)→ x
• (0, 1)→ y

f1

f3

f2

y x− y

x

Figure 3. Polynomials for each edge

(6) Obtain the algebraic object associated
We associate to each edge a polynomial in two variables, x and y,
subject to the following condition:
• (f2 − f1) divisible by x
• (f3 − f1) divisible by y
• (f3 − f2) divisible by x− y
Then, we obtain the following polynomials:
• f3 = f1 + p(x, y) · y
• f2 = f1 + q(x, y) · x
• f3 = f2 + s(x, y) · (x− y)
For instance, the following triples fulfill the conditions mentioned

above: (0, 0, 0), (x, 0, x− y), (1, 1, 1), (0, x, y),(0, 0, y · (x− y)).
(7) Describe the equivariant cohomology

H∗T (X) = {(f1, f2, f3) ∈ C[x, y]}

H∗T (X) = {(f1, f1 + p(x, y) · y, f1 + q(x, y) · x)}

Moreover, to find a basis B for the equivariant cohomology we
need a certain number of generators

B = {(1, 1, 1), (0, y, x), (0, 0, x · (x− y))}
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To summarize, this action of T = (C∗)2 in P2 has a finite number of
orbits, of which, 3 are curves and 3 are fixed points. Then, after we find the
weights of the action, we can associate this with the decorated graph being
the invariant curves its edges, and the fixed points the vertices of the graph
[Ty].

Example 3.2. Let T=(C∗)3 act on P3 via:

(t, s, w).[x0;x1;x2;x3] = [x0; tx1; sx2;wx3].

We find all the GKM data, i.e. fixed points, one-dimensional orbits, and
their corresponding stabilizers and weights. Also, for each weight we asso-
ciate its corresponding polynomial in S = C[x, y, z] (or its algebraic rep-
resentation). As a result, we exhibit the equivariant cohomology. Since
the analysis for P3 is quite similar to the one given for P2 in the previous
example, we skip the details. The results are shown in the following table.

Table 1. GKM data

Orbit Stabilizer Weight
Algebraic

Representation
[0 : 0 : 1 : 1] sw−1 = 1 (0, 1,−1) y − z
[0 : 1 : 0 : 1] tw−1 = 1 (1, 0,−1) x− z
[0 : 1 : 1 : 0] ts−1 = 1 (1,−1, 0) x− y
[1 : 0 : 0 : 1] w = 1 (0, 0, 1) z

[1 : 0 : 1 : 0] s = 1 (0, 1, 0) y

[1 : 1 : 0 : 0] t = 1 (1, 0, 0) x

Therefore, we can represent these results in the GKM graph. Then, con-
sidering the polarizing vector λ = (1, 2, 3) it is obtained the following sorted
graph.

(1 : 0 : 0 : 0)

(0 : 0 : 0 : 1)

(0 : 0 : 1 : 0)

(0 : 1 : 0 : 0)

z y − z

x

y
x− z

x− y

Figure 4. Sorted GKM Graph
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From the GKM graph we can read off the divisibility conditions (the fixed
points have been labelled x1, x2, x3, x4, where the sub-index indicates the
position of the only nonzero entry) and this labels are related to f1, f2, f3, f4

respectively, where it is possible to obtain their following polynomials:

• f3 = f2 + p1(x, y, z) · (x− y)
• f4 = f2 + q1(x, y, z) · (x− z)
• f2 = f1 + r1(x, y, z) · (x)
• f4 = f3 + p2(x, y, z) · (y − z)
• f3 = f1 + q2(x, y, z) · (y)
• f4 = f1 + r2(x, y, z) · (z)

Finally, if we solve the equations, we can obtain the basis B for the equi-
variant cohomology of the action:

• P4 = (0, 0, 0, z · (x− z) · (y − z))
• P3 = (0, 0, y · (x− y), z · (x− z))
• P2 = (0, x, y, z)
• P1 = (1, 1, 1, 1)

B = {P1, P2, P3, P4}

Example 3.3. Consider the following action of T = C∗ × C∗ on P3:((
α 0
0 α−1

)
,

(
β 0
0 β−1

))
·
[
a b
c d

]
=

[
aαβ−1 bαβ
cα−1β−1 dα−1β

]
.

Here, since P3 is a quotient of C4 \ {0} by the linear action of C∗, it makes
sense to represent a point in P3 as the class of a non-zero 2× 2 matrix.

Solving the corresponding equations, we note that for a matrix to be a
fixed point, it must have only one non-zero entry. So there are four fixed
points:

x1 =

[
1 0
0 0

]
, x2 =

[
0 1
0 0

]
, x3 =

[
0 0
1 0

]
, x4 =

[
0 0
0 1

]
.

For the one dimensional orbits we can assume that the matrix given above
has at least one non-zero entry. Without loss of generality we can consider
that such entry is a = 1. Then the other entries b, c, d cannot be all zero,
for otherwise we will end up with a fixed point. So, for instance, say d is
non-zero. Under these assumptions the orbit of X looks like:[

αβ−1 bαβ
cα−1β−1 dα−1β

]
.

Clearly, the only way we could get a one dimensional orbit is to have b and
c equal to zero. In such case, our matrix looks as follows:[

αβ−1 0
0 dα−1β

]
.

Taking into account our choices, we get six one-dimensional orbits,

E1, E2, E3, E4, E5, E6,
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which are the orbits of[
1 0
0 1

]
,

[
1 0
1 0

]
,

[
1 1
0 0

]
,

[
0 1
1 0

]
,

[
0 1
0 1

]
and

[
0 0
1 1

]
,

respectively.
Next we describe the stabilizers Γi of the one dimensional orbits Ei, as

the kernel of some characters χi : T → C∗, i = 1, . . . , 6.

The orbit of

[
1 0
0 1

]
consists of all the matrix classes of the form[

αβ−1 0
0 α−1β

]
,

and thus the stabilizer Γ1 of E1 consists of all the pairs((
α 0
0 α−1

)
,

(
β 0
0 β−1

))
subject to the condition

α2β−2 = 1;

in other words, Γ1 is the kernel of the character χ1 : T → C∗ given by((
α 0
0 α−1

)
,

(
β 0
0 β−1

))
7→ α2β−2.

Likewise, we find Γ2 = ker(χ2) = ker(α2), Γ3 = ker(χ3) = ker(β2) and
Γ4 = ker(χ4) = ker(α2β2). Furthermore, Γ5 = Ker(χ2) as well as Γ6 =
ker(χ3). We thus assume that χ5 = χ2 and χ6 = χ3 in our enumeration
above.

The next GKM graph describes the fixed points and the algebraic repre-
sentation of the stabilizers for each one dimensional orbit. Considering the
polarizing vector λ = (−2, 1), we get the following orientation.

x1

x4x3

x2

2x− 2y

2y

2y

2x+ 2y
2x 2x

Figure 5. Associated Graph

Solving the congruence relations we obtain the following:
The T -equivariant cohomology of P3 for the algebraic action just described

is generated as a module over S = C[x, y] by the following generators

• P1 = (1, 1, 1, 1)
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• P2 = (0, y,−x,−x+ y)
• P3 = (0, 0, x(x+ y), x(x− y))
• P4 = (0, 0, 0, xy(x− y))

Example 3.4. Let Fn be the Hirzebruch surface (Examples 2.11, 2.19). Let
T be a two dimensional torus. We consider the natural T -action on Fn given
by

(t, s) · ([x0, x1, x2], [y1, y2]) = ([tx0, s
nx1, x2], [y1, sy2]).

Note that this action fixes the following points of Fn:

x = ([0 : 0 : 1], [1 : 0]),

y = ([0 : 1 : 0], [0 : 1]),

z = ([1 : 0 : 0], [1 : 0]),

and

w = ([1 : 0 : 0], [0 : 1]).

One can check that there are only finitely many curves on Fn fixed by T ,
these are C−, L0, C+, L∞ (with the notation introduced in Example 2.11).
Moreover, we have z, w ∈ C−, x, z ∈ L0, x, y ∈ C+ y, w ∈ L∞

Now we look at the weights of T on these curves (recall that these weights
are uniquely defined up to sign):
• the weight of T associated to C+ is s.
• the weight of T corresponding to L∞ is ts−n.
• the weight of T associated to C− is s.
• the weight of T associated to L0 is t.
The corresponding GKM-graph is

C+

C−

L0 L∞

x

z

y

w

Figure 6. Associated Graph

Using a generic one-parameter subgroup such as λ = (n, 2), we obtain
the filtration given in Example 2.19, which induces the following order of
the fixed points x ≤ z ≤ w ≤ y. Thus the data can be sorted out in the
following GKM Graph, where we have identified the characters t, s, ts−n of
T with the polynomials x, y, x− ny in C[x, y].
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y

y

x x− ny

f4

f3

f1

f2

Figure 7. Associated Graph

We thus get the following basis of the equivariant cohomology of F(n):
f1 = (1, 1, 1, 1),
f2 = (0, x− ny, y + x, y),
f3 = (0, 0, y, y),
f4 = (0, 0, 0, xy)

Example 3.5. Let F be the full flag variety G/B, where G = GLn and
B is the Borel subgroup of upper triangular invertible matrices (Example
2.12). In this case, dim F = 3.

Moreover, x ∈ F ⇔ {x : V1 ⊆ V2 ⊆ V3 = C3}, where V1 is a line and V2

is a plane.
Some explicit elements of F are:

A ∈ F ⇔


1

1
0

 ⊂

1

1
0

 ,

1
0
1

 ⊂ C3

M ∈ F ⇔


1

1
0

 ⊂

1

0
0

 ,

0
1
0

 ⊂ C3

For M , we have the line V1 =

{
x = y
z = 0

}
, and the plane V2 : z = 0.

If we want a more compact description of the elements of F , the chain
can be represented using:

w1 ∈ V1,
{
w1, w2

}
,
{
w1, w2, w3

}
In this representation, w1 is the generator of the line V1, w2 cannot be a
multiple of w1 and w3 is not in the plane generated by w1 and w2. Hence an
element of F is represented by 3 linearly independent vectors and they can
be thought of as the column vectors of a 3× 3 invertible matrix. Namely,

(
~w1 , ~w2 , ~w3

)
⇔ gij =

g11 g12 g13

g21 g22 g23

g31 g32 g33


where g is a 3× 3 matrix that satisfies det(g) 6= 0, that is, g ∈ GL3.

Furthermore, we can say that:

F ⇐⇒
isomorphic

O(e) = GL3/Stabilizer
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An element [g] ∈ GL3/Stab represents the class of elements of the form:
g·h, where h ∈ Stab(e), and e is a canonical flag:

e =

1 0 0
0 1 0
0 0 1


The isomorphism is given by the map:

G = GL3

G
ϕ−→ F

g 7−→ g · e
Here, ϕ is surjective because any x ∈ F can be reached from e by using

gx, the invertible matrix in G associated to x. Indeed, we have

gx · e = x

However, ϕ is not injective because if A is an upper triangular matrix we
have: A · e = e. In other words, ϕ collapses the upper triangular matrices.
Hence, the map ϕ factors through the quotient space G/B giving the desired
isomorphism between G/B and F (Cf. Remark 2.4). (Certainly, one should
also check that ϕ is an isomorphism of algebraic varieties. For a proof of
this last step, see [Hu]).

Let B denote the subgroup of G consisting of upper triangular matrices.
Let B− denote the subgroup of G formed by the lower triangular matrices.
We can make B act on the right of F and B− on the left of F . In fact,
since F is isomorphic to G/B, the left action of B− allows to decompose or
partition F into B−-orbits. This leads to the Bruhat decomposition:

F = union of orbits of the action of B on G by right and left multiplication.

F Bruhat
=

⊔
s∈Sn

B · s · B−

where s is a permutation matrix.

Now consider the action of T = (C∗)2 on F given as follows:

If t =

(
t1 0 0
0 1 0
0 0 t2

)
∈ T and gij ∈ F , then t ? g is the element of F given by

t ? g := t · g · t−1 =

t1 0 0
0 1 0
0 0 t2

 ·
g11 g12 g13

g21 g22 g23

g31 g32 g33

 ·
t−1

1 0 0
0 1 0
0 0 t−1

2


t ? g :=

 g11 t1·g12 t1·t−1
2 ·g13

t−1
1 ·g21 g22 t−1

2 ·g23
t2·t−1

1 ·g31 t2·g32 g33


It follows from the Bruhat decomposition that the T -fixed points of F

are the permutations matrices. On the other hand, the invariant curves
are parametrized by the matrices which are a permutation matrix plus a
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single nonzero entry a. Moreover, the cells are obtained by placing zeros to
the right and below the nonzero entries and leaving the other entries free.
Hence, to get an invariant curve we can place a parameter a on each free
entry (cf. Example 2.20).

For this action, note that the associated weights of T are x, y, x−y. Next
we choose the generic one parameter subgroup λ = (t−1, t−2), equivalently
we choose the polarizing vector (−1,−2).

Observe that T = (C∗)2 acts on s̃ =

(
a 0 1
0 1 0
1 0 0

)
∈ F via

t ? s̃ =

(
a 0 t−1

0 1 0
t−1 0 0

)
The orbit mentioned above represents a stable curve, and we can obtain

the fixed points of the graph if we let t approach 0 or∞. However, when we
let t→∞ we can not obtain a line or a plane, so we scale the original vector
(first column) to a line (i.e. we need to choose a different representative of
the orbit).

Right away we note that there seems to be a contradiction, since a row
full of zeros does not represent anything in this context and also, it has to
be a permutation matrix. Therefore we replace the third column with the
cross product of the first and second column.

 a
0
t−1

 ⊂

 a

0
t−1

 ,

0
1
0

 ⊂

 a

0
t−1

 ,

0
1
0

 ,

t−1

0
0

 = C3

Let −→n , Col1 and Col2 be:

Col1 =

 a
0
t−1

 , Col2 =

0
1
0

 ,−→n = Col1 × Col2 =
(
−t−1, 0, a

)
Thus, the orbit that tends to infinity can be represented as:

t→∞⇒ t∞ =

 a 0 −t−1

0 1 0
t−1 0 a

 =

a 0 0
0 1 0
0 0 a


Also, to find the the orbit that tends to zero, we follow the same procedure
as done before:

t→ 0⇒ t0 =

a·t 0 −1
0 1 0
1 0 a·t

 =

0 0 1
0 1 0
1 0 0


Considering a = 1, this movement can be represented as showed in the

image below.



GRAPHS AND EQUIVARIANT COHOMOLOGY 29(
0 0 1
0 1 0
1 0 0

)
0

(
1 0 0
0 1 0
0 0 1

)∞

t

Figure 8. Orientation of the movement

From this procedure it can be stated that the orientation of the graph goes
from top to bottom regarding to the values of the vector λ and its action
in the permutation matrices. The complete filtration using this polarizing
vector is shown in Example 2.20. Considering other matrices such as:

(
1 0 0
0 a 1
0 1 0

)
,

(
a 1 0
1 0 0
0 0 1

)
,

(
0 a 1
1 0 0
0 1 0

)
,

(
0 1 0
a 0 1
1 0 0

)

and following the same method as before, we obtain the incoming graph.

( 0 1 0
1 0 0
0 0 1

)

( 0 0 1
1 0 0
0 1 0

)
( 0 0 1

0 1 0
1 0 0

)

( 1 0 0
0 0 1
0 1 0

)
( 1 0 0

0 1 0
0 0 1

)

( 0 1 0
0 0 1
1 0 0

)

x y

x− y x− y

y x

x− y

yx

Figure 9. Full Flag Variety Graph or Bruhat Graph

In this example, we use the algorithm proposed in the section 4 in order
to obtain the respective basis of the Full Flag Variety. The sorted graph
is labeled considering the incoming edges. A detailed view of the graph is
shown below, where f1 is the lowest node since it has no incoming edges.
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f1

f3f2

f5f4

f6

Figure 10. Sorted graph

Hence, to find the Pi generator associated to fi is necessary to follow
two steps. First, all lower entries are equal to zero, then the entry i is the
multiplication of all incoming edges. Secondly, we have to find the values of
the next entries. Each one will be the multiplication of each incoming edge
with an associated zero entry. In case of another node has the same number
of incoming edges, it will be equal to zero. After choosing the value of the
entry, we have to validate if it satisfies the other relations. If not, we change
it with its negative.

In the figure below, we show the development of this algorithm only for
f4 and f2. The images as displayed from left to right.

0

00

0(x− y)·y

(x− y)·y

0

0y

−(x− y)y

−(x− y)

Figure 11. Development to find the basis of the graph

Finally, it is found the basis of PP(Γ) as a module over C[x, y] which is
given by the columns of the following matrix:

P6 P5 P4 P3 P2 P1

B =


xy(x− y) x(x− y) y(x− y) (x− y) −x+ y 1

0 x(x− y) 0 x −x+ y 1
0 0 y(x− y) (x− y) y 1
0 0 0 x 0 1
0 0 0 0 y 1
0 0 0 0 0 1


Example 3.6. Consider the hypersurface X : x1y1 + x2y2 + x3y3 = 0 in
P5, from Example 2.21. Let the torus T=(C∗)3, with coordinates (t1, t2, t3),
act on X via

(t1·t2·t3·x1, t1·t2·x2, t1·t3·x3, y1,t3·y2, t2·y3).
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Find all the action orbits and their respective stabilizers and as a result,
get the equivariant homology H∗T (X) [Ty].

According to the action, a fixed point only can have one entry different
to 0. Furthermore, a one-dimensional orbit has at most two nonzero entries,
but when xi and yj are chosen, i can not be equal to j, otherwise the orbit
will be two-dimensional. In the table 2, we can see all the orbits, stabilizers,
weight and the respective algebraic representations.

Table 2. GKM data

Orbit Stabilizer Weight
Algebraic

Representation
[1 : 1 : 0 : 0 : 0 : 0] t3 = 1 (0, 0, 1) z

[1 : 0 : 1 : 0 : 0 : 0] t2 = 1 (0, 1, 0) y

[1 : 0 : 0 : 0 : 1 : 0] t1t2 = 1 (1, 1, 0) x+ y

[1 : 0 : 0 : 0 : 0 : 1] t1t3 = 1 (1, 0, 1) x+ z

[0 : 1 : 1 : 0 : 0 : 0] t2t
−1
3 = 1 (0, 1,−1) y − z

[0 : 1 : 0 : 1 : 0 : 0] t1t2 = 1 (1, 1, 0) x+ y

[0 : 1 : 0 : 0 : 0 : 1] t1 = 1 (1, 0, 0) x

[0 : 0 : 1 : 1 : 0 : 0] t1t3 = 1 (1, 0, 1) x+ z

[0 : 0 : 1 : 0 : 1 : 0] t1 = 1 (1, 0, 0) x

[0 : 0 : 0 : 1 : 1 : 0] t3 = 1 (0, 0, 1) z

[0 : 0 : 0 : 1 : 0 : 1] t2 = 1 (0, 1, 0) y

[0 : 0 : 0 : 0 : 1 : 1] t2t
−1
3 = 1 (0, 1,−1) y − z

In order to sort the associated graph, we are considering the polarizing
vector λ = (1, 2, 3). Therefore, the resulting action is

(t6x1, t
3x2, t

4x3, y1, t
3y2, t

2y3).

For more detail about the filtration of this action, see Example 2.21.
Now, considering all orbits, stabilizers and the vector λ , we can obtain the
following sorted graph:
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t2t
−1
3

t2t
−1
3

(0 : 0 : 0 : 0 : 0 : 1)

(0 : 1 : 0 : 0 : 0 : 0)

(1 : 0 : 0 : 0 : 0 : 0)

(0 : 0 : 0 : 0 : 1 : 0)

(0 : 0 : 0 : 1 : 0 : 0)

(0 : 0 : 1 : 0 : 0 : 0)

t1t1

t2

t2

t1t3

t1t3

t3

t3

t1t2

t1t2

Figure 12. Associated Graph

The congruence relations were made such as the previous examples and
it can be decodificated following the values indicated in the next graph. For
instance, f6 − f3 is divisible by z, f6 − f4 is divisible by y and so on.

y − z

y − z

f2

f3

f6

f4

f1

f5

xx

y

y

x+ z

x+ z

z

z

x+ y

x+ y

Figure 13. Sorted Graph

In this example, we will explain in detail how the algorithm works to
generate the generator P3. Let Ei be the entry i of the generator, we have
P3 = (E1, E2, E3, E4, E5, E6). The algorithm starts matching each lowest
entry to 0, so for now we have: P3 = (0, 0, E3, E4, E5, E6). In order to get
E3 it is easy to see that this entry is equal to x(x+y), a simple multiplication
of all incoming edges. Now, due to f4 has the same number of incoming edges
than f3, E4 will be zero. The process to get E6 and E5 is identical, so we are
only going to explain the process related with E5. This entry only has two
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options, x(x+ z) or −x(x+ z), otherwise, it does not satisfy the divisibility
with E4 and E1. In some cases, both options could be a valid solution, but
in this opportunity the first is the unique that satisfy the divisibility relation
with E3. In other words, first we get the options with the incoming edges
with associated zero entry and then, we choose the option that satisfy the
divisibility with incoming edge with associated non-zero entry. As a result
of the proposed algorithm, P3 = (0, 0, x(x+ y), 0, x(x+ z), (x+ y)(x+ z)).

(x+ y)(x+ z)

(x+ z)x

0

(x+ y)x

0

0

Figure 14. Development to find P3

To conclude, we obtain the basis of the equivariant cohomology of the
action for the next generators using the presented algorithm.

• P6 = {0, 0, 0, 0, 0, (x+ y)(x+ z)yz}
• P5 = {0, 0, 0, 0, (y − z)(x+ z)x, (x+ y)(x+ z)z}
• P4 = {0, 0, 0, (y − z)z, (x+ z)(y − z),−(x+ z)z}
• P3 = {0, 0, (x+ y)x, 0, (x+ z)x, (x+ y)(x+ z)}
• P2 = {0, y, x+ y, z, x+ z, x+ y + z}
• P1 = {1, 1, 1, 1, 1, 1}

4. Algorithm

The present research gives an exhaustive description of the mathematical
process to find a basis of the equivariant cohomology of different varieties,
which was useful to model the proposed algorithm. It is divided into three
sub modules, get a polarizing vector (see Fig. 16), sort graph (see Fig. 17)
and get a basis of equivariant cohomology (see Fig. 18, 19 and 20).

The modeling of this algorithm uses the procedure carried out in the
examples described in the section 3. However, we have identified that it
does not work correctly in smooth non-stratificable varieties. Thus, we will
continue this project in order to generalize the algorithm to this kind of
varieties and to include singular projective varieties.

To use the algorithm, the user have to give us the torus dimension, the
action, the one-dimensional orbits and the vertices. The torus dimension
provides a number of variables, the graph data allow us to choose a polarized
vector and the action determines the orientation.
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Let n be the number of vertices and m the dimension of a variety X,
the exactly implementation of the proposed algorithm has a computational
complexity of O(m ∗ n2). However, one way to reduce significantly the
execution time is using a thread for each generator, it is possible because
each one is independent of each other.

Figure 15. Main Program
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Figure 16. Get Polarizing Vector
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Figure 17. Sort Graph
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Figure 18. Get a basis of Equivariant Cohomology
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Figure 19. Get a generator
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Figure 20. Get a generator
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To conclude, we present the progress of the implementation of the algorithm.
We introduce then the ”getVector” function and ”Graph” class structure.
Furthermore, we use sympy library to evaluate and operate polynomials.
The final results and the related code will be published in the near future.

import sympy

from sympy import ∗

class Graph :

def i n i t ( s e l f , nodes , weights , symbols ) :

s e l f . s o r t =[ ]

s e l f . we ights=weights

s e l f . symbols=symbols

s e l f . nodes=dict ( )

for i in nodes :

s e l f . nodes [ i ] = [ ]

def add ( s e l f , node1 , node2 , weight , o r b i t ) :

s e l f . nodes [ node1 ] . append ( [ node2 , weight , o r b i t ] )

s e l f . nodes [ node2 ] . append ( [ node1 , weight , o r b i t ] )

def getNodes ( s e l f ) :

return s e l f . nodes

def print ( s e l f ) :

for i in s e l f . nodes :

print ( i , s e l f . nodes [ i ] )

def getVector ( graph , torusDim ) :

weights=graph . weights

vec to r=dict ( )

j=1

for i in graph . symbols :

vec to r [ i ]= j

j+=1

l k e y s=l i s t ( vec to r . keys ( ) )

condNum=len ( weights )

iterNum=0

while ( i !=condNum ) :
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i=0

iterNum+=1

print ( iterNum )

for j in range ( len ( weights ) ) :

i f ( int ( weights [ j ] . e v a l f ( subs=vecto r ) ) ! = 0 ) :

i+=1

else :

ind=iterNum%torusDim

vecto r [ l k e y s [ ind ] ]= vec to r [ l k e y s [ ind ] ] ∗ 2

break

return vec to r
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[Br2] Brion, M. Poincaré duality and equivariant cohomology. Michigan Math. J. 48,
2000, pp. 77-92.

[D] Danilov, V. The geometry of toric varieties. Uspekhi Mat. Nauk 33 (1978), no.
2(200), 85-134, 247.

[G1] Gonzales, R. Rational smoothness, cellular decompositions and GKM theory.
Geometry and Topology, Vol. 18, No. 1 (2014), 291-326.

[G2] Gonzales, R. Equivariant cohomology of rationally smooth group embeddings.
Transformation Groups, Vol. 20, No. 3 (2015), 743-769.

[G3] Gonzales, R. Equivariant operational Chow rings of T-linear schemes. Doc.
Math. 20, 401–432 (2015)

[GKM] Goresky, M., Kottwitz, R., MacPherson, R. Equivariant cohomology, Koszul
duality, and the localization theorem. Invent. math. 131, 25-83 (1998)

[GK] Guillemin, V., Kogan, M. Morse theory on Hamiltonian G-spaces and equivariant
K-theory. J. Differential Geometry, 66, 2004, pp. 345-375.

[GZ1] Guillemin, V., Zara, C. 1-skeleta, Betti numbers, and equivariant cohomology.
Duke Math. J. 107 (2001), 283-349.

[GZ2] Guillemin, V., Zara, C. The existence of generating families for the cohomology
ring of a graph. Advances in Mathematics. 174 (2003), 115-153.

[H] Hartshorne, R. Algebraic Geometry. GTM, 52, Springer-Verlag, 1978.
[Hs] Hsiang, Wu Yi. Cohomology Theory of Topological Transformation Groups.

Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 85. Springer-Verlag,
New York-Heidelberg, 1975.

[HH] Halim, S., Halim, F. Competitive Programming 3: The New Lower Bound of
Programming Contests. Lulu.com, 2013.

[Hu] Humphreys, J. Linear Algebraic Groups. Springer-Verlag, 1981.
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